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Abstract

It is shown that a standard quantitative model of long-maturity sovereign debt can

respond to extrinsic uncertainty. Fluctuations in beliefs regarding long-run debt lev-

els and default behavior dilute current prices differently. The sovereign’s optimal

response to borrow more and default more frequently in the face of a worse pricing

schedule can make negative beliefs self-fulfilling. The benchmark model suggests that

a belief shock of this kind can cause substantial spread fluctuations, nearly doubling

the average spread on impact. While beliefs matter for real outcomes, it is not the

case that the extrinsic uncertainty is randomizing over distinct fundamental equilib-

ria, which implies that third-party coordination of expectations is not always a viable

policy tool.
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1. Introduction

Ever since the seminal contribution of Eaton and Gersovitz (1981), there has been

a folk intuition in the sovereign debt and default literature that market sentiments

can have real effects. The intuition is as follows: When investors expect the sovereign

to default they demand a high spread, which makes repayment costly and raises the

default frequency; on the other hand, when lenders do not expect a default they

demand a low spread, which reduces the burden of repayment and with it the default

frequency.

Most often these self-fulfilling dynamics have been modeled as a relatively short-

run phenomenon. One common form is a liquidity crisis or a failed auction (Cole and

Kehoe [1996] or Rodrik and Velasco [1999]), in which the government is unable to

roll over a large fraction of short-term debt since investors anticipate default; another

is an inefficient auction (Calvo [1988] or Farhi and Maggiori [2016]), wherein the

government could issue less debt but generate more revenue since the rise in the price

would be greater than the fall in the quantity.

In this paper I show that this intuition holds with long-run expectations as well

when the debt is long term; the impact of sentiments is not restricted to a particular

quarter or a particular auction. This is because pessimistic predictions regarding

long-run outcomes, such as future indebtedness or propensity to repay, can become

self-fulfilling by influencing behavior today.

In particular, in the face of pessimistic long-run beliefs, lenders reduce their de-

mand for bonds. In in response to these lower prices, the sovereign often finds it

optimal to borrow more rather than undergo fiscal consolidation, which increases

debt levels and raises default probabilities. Further, if these sentiments are persis-
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tent, then future values of repayment will be expected to be lower, which also works

to raise default probabilities. Both channels justify lenders’ fears regarding long-run

outcomes.1 The reverse can happen in response to optimistic long-run beliefs.

These sentiment fluctuations are not a mere theoretical curiosity. Their impact is

easy to compute and quantify in a standard model of long-term debt. I show how

such equilibria can be computed and describe the sort of conditions under which

they tend to exist. For standard parameters, I find that a belief shock driven by

fears of long-term outcomes can cause the average spread to nearly double, jumping

from 2.86 percentage points to 5.18 percentage points. Negative belief shocks also,

by construction, induce a worsening of the fiscal situation, where bad fundamental

shocks tend to incentivize consolidation.

The benchmark model is akin to many quantitative models employed in the liter-

ature, such as Chatterjee and Eyigungor (2012) or Hatchondo and Martinez (2009).

The model’s response to fundamental output shocks is qualitatively the same and

quantitatively very similar. In fact, the only additional ingredient that makes com-

putation of these equilibria possible is greater concavity in the flow utility function.

Ceteris paribus, this tends to make the sovereign more unwilling to reduce his con-

sumption in response to a given reduction in his debt price, since the utility cost

of doing so is relatively greater. Thus, rather than delever in the face of negative

price shocks, which could kill the self-fulfilling dynamics, the sovereign ramps up his

borrowing, which justifies the negative expectations.

Increasing the concavity via a subsistence level of consumption to generate more

realistic debt and spread dynamics has already been done in some models of long-

1These shocks lead to an inefficient ‘overborrowing.’ Schmitt-Grohé and Uribe (2016) find that some small open
economy models exhibit multiple equilibria that can be interpreted as inefficient ‘underborrowing,’ though their model
is of private agents with flow financial constraints, not markets for long-term sovereign debt as I consider here.
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maturity debt (Conesa and Kehoe [2012], [2014]), though none of these models have

used it as a tool to generate real responses to extrinsic uncertainty. To help keep

the model within the tradition already set by the literature, I will follow their lead

and increase utility curvature via a consumption floor. Doing so allows me to easily

compute equilibria in which extrinsic uncertainty has real effects and which appear to

be absent when the flow utility function exhibits less curvature i.e. no consumption

floor.

Some authors have taken this assumption to the limit, imposing a fiscal rule on

sovereign behavior and thus inflexibility with regard to fluctuations in long-run be-

liefs (Lorenzoni and Werning [2013] or Stangebye [2016]). While neither allow the

sovereign to respond to shifts in expectations, the former requires a lack of commit-

ment to current debt issuance while the latter relies crucially on such commitment.

The results of allowing a response to shifts in long-run expectations imply similar but

not identical dynamics. While borrowing into high spreads is an important feature of

both paradigms, when the sovereign can respond to long-run expectations there is a

novel consumption reaction of ‘giving up’ i.e. the sovereign resigns himself to a fate

of high default risk and temporarily enjoys a surge in consumption at the expense of

even greater indebtedness.

The vehicle through which these sentiment shocks will operate is not actually

a multiplicity of fundamental equilibria, though that is sometimes there.2 Rather,

I construct a sunspot equilibrium that is distinct from a muliplicity of fundamen-

tal equilibria. This is because in my paradigm the value of default, which is an

equilibrium object, is shared across extrinsic regimes by construction. Two distinct

2Auclert and Rognlie (2014) show that when debt is short-term the Markov Perfect Equilibrium is unique. Their
results do not generalize to the long-term case considered here, however.
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fundamental equilibria, on the other hand, would imply two distinct default valua-

tions. My sunspot equilibria are actually easier to construct and more intuitive than

a similar randomization over fundamental equilibria, since a uniform reduction in the

value of repayment will always imply more default in the sunspot equilibrium. This

need not be the cases when there are multiple equilibria, as I show in this paper:

While one equilibrium may have lower repayment values, it will also tend to have

lower default values, and thus there is not a clean monotonicity in default behavior

across equilibria.

While the intuition is cleaner, the finding that belief regimes need not correspond

to distinct fundamental equilibria has unfortunate policy consequences. For instance,

it implies that the central bank or some other third party such as the IMF cannot

necessarily coordinate expectations on a ‘good’ equilibrium since a good equilibrium

may not exist. A ‘good’ belief regime may be sustained by an unusually low value

of default, which is particularly low since upon re-entry borrowing conditions will be

worse as a result of ‘bad’ beliefs.3 In other words, benevolent equilibrium dynamics

today may be sustained only because malevolent dynamics are expected in the future

following a default. Indeed this is the case in the benchmark model. Were a third

party try to coordinate on ‘good’ beliefs all the time, the value of default would

inevitably rise, and ‘good’ behavior would no longer be optimal on either side of the

market.4

The rest of the paper is organized as follows: In Section 2, I exposit the model and

discuss the intuition behind sunspot equilibria. In Section 3 I solve the model and

3There is some empirical evidence that borrowing conditions are worse upon re-entry to capital markets e.g. Ozler
(1993), Catao et al. (2007), or Flandreau and Zumer (2004).

4It is possible for some calibrations that the ‘bad’ regime is unsustainable and that the ‘good’ regime corresponds
to an equilibrium. In this case third-party bailouts could be effective and the classic intuition holds. But this is not
the case in the benchmark model.
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explore the quantitative results and policy consequences, including the consequences

of adjusting key assumptions and the relationship to multiplicity of equilibria. Section

4 concludes.

2. Model

In this section I will describe a model of long-term sovereign debt and default

that subsumes several of the standard quantitative sovereign default models in the

literature. This model will be a superset of Chatterjee and Eyigungor (2012), which

in turn subsumes the influential model of Arellano (2008). In particular, there will

be extrinsic as well as intrinsic uncertainty and more general preferences.

2.1. Environment

The model will allow for three stochastic processes. There will be a fundamental

endowment shock, y ∈ Y . It is assumed that Y is a discrete and finite set. There will

also be a continuous, fundamental, iid shock to a subsistence level of consumption,

m̃ ∈ [
¯
m, m̄], whose mean is given by c̄. Its continuous and iid nature renders the

model numerically solvable;5 further, the additional parameter c̄ can be used to alter

the willingness of the sovereign to undergo fiscal consolidation in the case of bad

shocks.

Finally, there is an extrinsic sunspot shock, ξ ∈ Ξ, which has no impact on pref-

erences or technology. I assume that the sunspot is binary i.e. ξ ∈ {ξL, ξH} and that

there is a symmetric transition probability, η < 1/2. In the benchmark model I will

assume that ξ and y are independent; this assumption is relaxed in Appendix A. The

5See Chatterjee and Eyigungor (2012).
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fact that the sunspot is not iid is quite important and will be discussed in more detail

in the next section.

The sovereign borrower chooses how much to borrow from abroad, b′ ∈ B, and

whether or not to default. Debt is in real terms and thus there is no currency choice

margin as in, for instance, Engel and Park (2016). It is assumed that B is discrete

and finite, that every element in it is non-negative, and that 0 ∈ B. He receives a

flow utility, u(·) from consumption, which I assume is increasing and strictly concave.

Debt is long-term and matures stochastically at a rate λ; in each period that it does

not mature it pays a coupon κ.

I will focus on Markov-Perfect Equilibria and so I can write the sovereign’s problem

recursively. Taking as given the demand schedule for its debt from foreign investors,

q(y, ξ, b′), the government solves the following Bellman, which is conditional on re-

payment this period:

V (y, ξ,m, b) = max
b′∈B

u(c−m) + βV(y, ξ, b′) (1)

s.t. c = y − [λ+ (1− λ)κ]b+ q(y, ξ, b′)[b′ − (1− λ)b]

I assume that if the sovereign faces an empty budget set, he must default. The

continuation value allows for default is ex-post optimal, and is thus given by

V(y, ξ, b′) = E(ỹ,ξ̃,m̃)|(y,ξ)[max{V (ỹ, ξ̃, m̃, b′), X(ỹ)}]

I will denote the sovereign’s borrowing policy function to be a(y, ξ,m, b).

I assume that when the country defaults, it is excluded from credit markets tem-

porarily. It will suffer some additive output loss, φ(y), in each period of this exclusion.

It re-enters stochastically at a rate πRE and when it does so its debt obligations are

entirely forgiven. Further, upon re-entry the sunspot ‘resets’ to some deterministic
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level ξ̄, after which the sunspot follows its typical Markov-process. This does not

imply that the sunspot becomes fundamental, since equilibria still exist in which it

conveys no information and is completely ignored.

This last assumption makes sense if one interprets ξ as a measure of confidence

or sentiment. Presumably confidence is highly correlated with the re-entry shock,

though it is not entirely clear in which direction that correlation goes. It may be

that creditors are leery of a defaulter’s return to credit markets and confidence is low;

this would accord with the findings of Ozler (1993), who finds that borrowing costs

tend to be higher for defaulters upon re-entry. Alternatively, it may be the case that

the simple fact that lenders are now willing to lend to the sovereign again reflects a

positive shift in sentiment. Which story is true will not be important for our story

and may shift from country to country. All that will be needed for our purposes is

that ξ is fixed upon re-entry.

This fixing of the sunspot assumption is crucial for the results, since it will imply

that the default value is independent of ξ. This independence will simultaneously

and somewhat counterintuitively be both the reason why sunspot equilibria are not

a randomization over fundamental multiplicity and a critical source of the strategic

complementarities that generate sunspot activity. Exactly how and why this is the

case will be explained in much more detail in the next subsection.

Under these assumptions, we can express the value of default as

X(y) = u(y − φ(y)− m̄) + βEỹ,m̃|y[(1− πRE)X(ỹ − [m̃− m̄]) + πREV (ỹ, ξ̄, m̃, 0)]

(2)

Notice that, as in Chatterjee and Eyigungor (2012), during the first period of default

the sovereign faces the worst m̃ shock but experiences it as its normal stochastic
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process thereafter.

I assume that the sovereign borrows from a unit mass of short-lived, risk-neutral,

deep-pocketed lenders that price default and dilution risk against some asset with a

risk-free return, R. These lenders care about the endowment and confidence level

today, since these objects provide information regarding their distribution tomorrow,

and the level of borrowing today, b′, since indebtedness will also provide information

regarding the default frequency tomorrow. Since the debt is long-term, they also care

about the expected future price of their debt and thus about the degree to which the

sovereign borrows tomorrow. The pricing recursion thus becomes

q(y, ξ, b′) =
1

R
E(ỹ,ξ̃,m̃)|(y,ξ)

[
1{V (ỹ, ξ̃, m̃, b′) ≥ X(ỹ)} × (3)[

λ+ (1− λ)(κ+ q(ỹ, ξ̃, a(ỹ, ξ̃, m̃, b′)))
]]

2.1.1. Equilibrium Definition

A Markov-Perfect Equilibrium is a set of functions V (y, ξ,m, b), a(y, ξ,m, b),

X(y), and q(y, ξ, b′) such that

1. V (y, ξ,m, b) satisfies Recursion 1 when given X(y) and q(y, ξ, b′) and implies the

borrowing policy function a(y, ξ,m, b)

2. X(y) satisfies Recursion 2 when given V (y, ξ,m, b)

3. q(y, ξ, b′) solves Recursion 3 given V (y, ξ,m, b), X(y), and a(y, ξ,m, b)

A Sunspot Equilibrium is a Markov-Perfect Equilibrium in which sentiment shocks

matter i.e. either V (y, ξL,m, b) 6= V (y, ξH ,m, b), a(y, ξL,m, b) 6= a(y, ξH ,m, b), or

q(y, ξL, b) 6= q(y, ξH , b) for some (y,m, b) in the fundamental state space. A Markov

Perfect Equilibrium that is not a Sunspot Equilibrium we will call a Fundamental

Equilibrium.
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2.2. Sunspot Equilibria: Intuition

In the quantitative section, we will show by construction that sunspot equilibria

exist and that belief fluctuations can have substantial effects on real variables and

prices. Before we compute them, however, it will be helpful to have an idea of how

they operate and why we might conjecture their existence.

There are four key ingredients necessary for sunspot activity: Persistent sunspots,

a default value that is independent of those sunspots, long-term debt, and a relatively

high degree of sovereign risk-aversion.

Suppose for a moment that a sunspot equilibrium exists and that q(y, ξL, b
′) ≤

q(y, ξH , b
′) for every point in the fundamental state space i.e. ξL is the ‘bad’ regime in

which prices are always worse. This will imply that V (y, ξL, b) ≤ V (y, ξH , b), since the

budget set under ξL is a subset of the budget set under ξH .6 But this in turn implies

that the sovereign is always more likely to default under ξL i.e. d(y, ξL, b) ≥ d(y, ξH , b),

where d(·) is the equilibrium default function. This is precisely because the default

value is fixed and independent of the sunspot; otherwise the value of default could

change across ξ and this relationship would not hold. This mapping into greater

default is particularly strong when the sovereign has a very concave utility function,

since small reductions in the budget set could translate to large reductions in sovereign

repayment valuations.

We can now see how a uniformly worse pricing schedule in one regime could gen-

erate more default in that regime. To complete the loop of self-fulfilling dynamics, it

must be the case that these default dynamics return to generate a uniform divergence

in the pricing schedule. This is where sunspot persistence and long-term debt come

6While future values could offset the impact of a shrinking budget set, when ξ is persistent these values tend to
fall as well since future budget sets are likely to be shrunk.
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in: If the sunspot is persistent, then a bad regime today is likely to persist into the

future, and thus default probabilities are more likely than they would have been oth-

erwise, conditional on the same debt levels. This effect works to reduce the price in

the bad regime. This necessary persistence also implies that such belief shocks must

be rare phenomena.

These dynamics could be derailed if the sovereign changed his borrowing behavior

substantially in response to ξL. Since debt is long-term, secondary market prices,

which price borrowing activity, matter for the return. In particular, if the sovereign

delevered in response, then he could lower default probabilities and the self-fulfilling

dynamics would disappear. This is where risk-aversion comes in. If the sovereign

has a very concave utility function, then reducing consumption on impact is very

costly in utility terms, and so he prefers to cushion the shock by borrowing at least

as much as he would in ξL rather than delever. If he does borrow at least as much,

then the expected sequence of default probabilities is always higher in bad regime.

Lenders internalize this and offer a uniformly worse price, and thus the dynamics are

self-fulfilling.

This last additional channel highlighting the impact of future borrowing on the

pricing function is crucial to sustaining self-fulfilling dynamics. Auclert and Rogn-

lie (2014) show that these sort of strategic complentarities are not strong enough to

survive with short-term debt alone, and thus the default channel alone is insufficient.

The pricing function we will compute in the next section also suggests that the diver-

gence across sunspots in the pricing schedule reflects more prominently a divergence

in dilution risk rather than immediate default risk.

Notice that a sunspot equilibrium in this environment will not be a randomization

over a multiplicity of fundamental equilibria. This is because the value of default,
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X(y), is an equilibrium object, and it is common across realizations of the sunspot.

Multiple fundamental equilibria would feature distinct default values. Interestingly,

the fact that the default value is common across extrinsic regimes is actually an

important source of strategic complementarities and the primary reason why sunspot

equilibria exist in the first place. This is because if one of the sunspot regimes implies

a lower repayment value in a given state, then we can say unambiguously that default

will occur more often in that regime, since the value of default does not shift across

regimes.

3. Quantitative Results

In this section I demonstrate the existence of sunspot equilibria by construction.

Since the goal is not so much to match a particular empirical regularity but rather to

highlight a general property of this class of models, for the benchmark model I will

take nearly all of the parameters from an off-the-shelf model. I will then discuss the

minor changes that need to be made to compute sunspot equilibria.7

In particular, I will take the parameterization of Chatterjee and Eyigungor (2012),

who calibrate their model to Argentina during the late 1990’s. Their model is simply

what was described in the last section as a fundamental equilibrium in which c̄ = 0.

In order to compute sunspot equilibria, I make only one small change: I increase

sovereign risk-aversion by allowing for c̄ > 0.8 In the benchmark, I set c̄ = 0.65,

which is not binding in any state of the world.9

7For robustness, I provide an alternate parameterization in Appendix B that is calibrated to match Argentine
data.

8I also change the fundamental grid slightly to accommodate memory for the inclusion of the sunspot. In their
model, they increase the grid size to the memory limit for most computers for accuracy. In order to double the state
space, a reduction in the grid size is necessarily in order for most computers. This change has no impact on the
intuition but is merely a technical detail.

9I conduct a comparative static analysis to understand the consequences of altering this parameter in the results
section.
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This paper is not the first to introduce subsistence consumption into this class of

models. This non-homotheticity has been employed by Conesa and Kehoe (2012),

(2014) who argue that it improves model performance by reducing incentives to

delever. These same incentives to delever are exactly what I wish to remove as

well to help sustain the self-fulfilling dynamics described in the previous section.

The only other novel parameter is η, which I set to 0.0013, which implies that a

belief shock has the same probability as a 3-standard deviation negative endowment

innovation. In Appendix C I consider alternate values of η, but the results change

only modestly.

Table 1 has the model parameters for reference. As in Chatterjee and Eyigungor

(2012), I assume that y = exp(z), where z and that z follows a mean-zero AR(1)

that has been discretized with ρz = 0.949 and σz = .0271. I compute the equilibrium

with |Y| = 1510 and |B| = 400. Utility is assumed to be power with CRRA = γ. m

is assumed to follow a normal distribution truncated two standard deviations above

and below its mean, c̄. Finally, we assume that ξ̄ = ξL i.e. a return to credit markets

necessarily coincides with negative sentiments.11

3.1. Algorithm

In order to compute sunspot equilibria I employ the following iterative algorithm.

1. Fix q0(·, ξL, ·) = q̄ and q0(·, ξH , ·) = 0, where q̄ is the risk-free price, and run a

value function iteration without smoothing until the value functions of repayment

and default converge.

10Tauchen (1986) found that discretizations above 9 are good approximations to an AR(1), so our grid choice is
more than sufficient.

11Technically, ξ̄ is out of our control. Since ξ is extrinsic, either of its values could become the ‘bad’ regime. It just
so happens that the solution to the benchmark model dictates ξ̄ = ξL, though examples can be computed in which it
is equal to ξH . An example of the latter can be found in Appendix B.
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Table 1: Benchmark Parameters

Parameter Value
R 1.01
σz 0.027
ρz 0.949
σm 0.003
γ 2
λ 0.05
κ 0.03
πRE 0.0385
β 0.954
φ0 -0.188
φ1 0.246
c̄ 0.65
η 0.0013
ξ̄ ξL

2. Iterate jointly on the pricing and value functions until convergence of both. Do

not smooth the value functions, but heavily smooth the pricing functions.

When smoothing the pricing function in Step 2, I assume that the updated price is a

convex combination of the previous iteration and its update, with 99% of the weight

placed on the previous iteration.

To ensure that the algorithm is not simply uncovering numerical errors, I set the

sup-norm convergence tolerance to 1e − 10, which is 10, 000 times finer than the

standard used in the literature.

This procedure works well to uncover sunspot equilibria, which verifies their ex-

istence. Nevertheless, it ought to be noted that there is no guarantee that this

procedure will uncover sunspot equilibria. In fact, there is no guarantee that this

algorithm will even uncover fundamental equilibria since iterative algorithms are not

contractionary for this class of models (see Chatterjee and Eyigungor [2012] or Aguiar

et al. [2016]). This implies that while computing a sunspot equilibrium definitionally

verifies its existence, an inability to compute one does not imply its non-existence.
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While such an outcome could be a result of non-existence, it could also simply reflect

the insufficiency of the algorithm.

Interestingly, the pricing schedule which is initially better converges to the worse

pricing schedule in equilibrium and vice versa. This is precisely because dilution

effects are a strong source of the strategic complementarities: The regime which is

initially ‘good’ at the start of the iterations generates a borrowing policy function that

encourages high indebtedness, while the ‘bad’ regime discourages borrowing. These

characteristics of the borrowing policy follow the iterations until convergence and the

pricing schedules eventually cross over one another.

3.2. Key Results

3.2.1. Policy and Pricing Functions

The model reveals that extrinsic shocks play a non-trivial role in equilibrium dy-

namics. This is evident first in the equilibrium pricing function, which can be seen in

Figure 1. The green solid line is the ‘good’ regime and the red dotted line is the ‘bad’

one. We can see that, at least at the steady state endowment, the sovereign receives

a uniformly better price in the good regime. The difference is particularly large for

low debt levels, which is indicative that dilution risk drives the discrepancy: There

is little actual default risk for debt levels below around 0.6, but lenders know that a

sovereign in the bad regime will lever up more quickly and default more often in the

future than it would in the good regime. Thus, to break even they demand a lower

price.

Further and just as was conjectured in the previous section, these regimes are

sustained first by discrepancies in repayment values. Figure 2 gives the ratio of

certainty-equivalent-consumption levels (CEC) across the two regimes. In it, we see

that the sovereign strictly prefers the good regime to the bad one for any debt level in
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Figure 1: Equilibrium Demand Functions at Steady State y

or near the ergodic distribution. This implies that a sovereign in the bad regime will

default more often since default is strategic and the value of defaulting is common

across regimes, justifying the lower price.

Since debt is long-term, however, a worse value of repayment in any state is not

sufficient to sustain sunspot activity. We need also that the sovereign does not delever

in response to the bad regime. We can see from the policy function in Figure 3 that

this is not the case: At the steady state y, ξH would imply a stationary debt level

near 0.6, while for ξL this stationary level would be closer to 0.65. Thus, the sovereign

does more than just not delever in the face of a sentiment shock. He ‘gives up’ and

levers up, worsening the situation.

This can be seen in the implied consumption policy, which is also given in Figure

3. For debt levels below 0.62 or so, we can see he winds up consuming more. It will

also be seen more clearly in the event study in the next subsection. This additional

consumption is interesting, since his lifetime utility in this state is known to be lower,
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Figure 2: Welfare Metrics at Steady State (y,m)

as we saw in Figure 2. He knows that he is more likely to default in the future and

bear the unpleasant costs. Given that default is more likely in the future in any case,

he decides to compensate by borrowing more aggressively and consuming more today,

embracing the negative expectations rather than fighting them. The alternative, fiscal

consolidation, is too painful and not rewarding enough given the price schedule at

which it would have to happen.

3.2.2. Event Study: Belief Shock

While policy functions provide insight, we can derive a better sense of the mag-

nitude of the effects from an event study. To do so, I construct generalized impulse-

response functions in the vein of Koop et al. (1996) using Monte Carlo methods. I

use the conditional median rather than the conditional mean since the figures are a

bit cleaner.

The results of this exercise for debt and spreads can be found in Figure 4. The

blue solid line shows, in percentage terms, the simulation median relative to what
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(a) Borrowing Policy (b) Consumption Policy

Figure 3: Equilibrium Policy Functions at Steady State (y,m)

would have happened had the shift to ξL never occurred. The red line with x’s and

the green dotted line show this same exercise for various nearby values of c̄ to help

understand this impact of this parameter.

The first panel shows that, on impact, debt levels diverge: The sovereign in the

bad regime begins to lever up gradually with debt levels being almost 10% higher

25 quarters later as a result of the sunspot shock. The effect is very persistent since

the belief regimes are very persistent; it is also increasing in c̄, since ceteris paribus a

sovereign with more concave flow utility is less willing to undergo consolidation and

thus more willing to borrow through the shock.

The second panel in Figure 4 shows the impact on spreads. We can see that

spreads respond very strongly to the belief shock, increasing by some 73% on impact

in the benchmark model: The divergence remains large, being roughly the same 25

quarters later. As was the case with debt levels, the strength of the price response is

increasing in c̄: The more unwilling the sovereign is to cut consumption, the greater

the increase in borrowing costs.

If we compare this to an equally rare negative endowment shock we get that the
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(a) (b)

Figure 4: Debt and Spread Impulse Responses: Shift to ξL at t = 0

effect is not quite as large but still substantial. Conditional on a switch to ξL the

average spread jumps from 2.86 percentage points to 5.18 percentage points, which is

nearly double; conditional on a negative endowment innovation of equal unconditional

probability, the average spread jumps from 2.63 percentage points to 8.02 points,

which is more than triple. Thus, belief shocks in the benchmark model are not quite

as strong as fundamental shocks, but they can still be massive in size.

Figure 5 gives the impulse-response for consumption. Here we can see the ‘giving

up’ effect that governs the sovereign behavior on impact. The sovereign knows that

future default probabilities are higher in this regime and thus debt repayment is

unlikely; so rather than undergo costly fiscal consolidation to improve his financial

position, he ‘gives up,’ choosing instead to front-load his consumption. This path

maximizes utility at the time of the shock, but the associated increase in debt levels

eventually begin to reduce consumption, even past the counterfactual good regime.

Interestingly, the consumption response is relatively insensitive to c̄, suggesting that

the greater increase in debt across c̄ is almost entirely attributable to the stronger

price response.
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Figure 5: Consumption Impulse Response: Shift to ξL at t = 0

This pronounced ‘giving up’ effect distinguishes these sunspot equilibria from the

sort studied by Lorenzoni and Werning (2013) or Stangebye (2016), in which mul-

tiplicity arises but the consumption policy is the same across the two equilibria. It

is not, however, necessary in order to ensure the presence of sunspot activity. In an

alternate parameterization in Appendix B, I show that sunspot equilibria can exist

in which consumption actually drops on impact, provided that drop is not too large.

3.2.3. Ergodic Distributions

Finally, we examine the two extrinsic regimes independently of each other. Figure

6 reveals the ergodic distributions of debt and spreads implied by the two regimes

and Table 2 gives some aggregate moments. Two compute these numbers and figures

for each regime, I counterfactually simulate the model under the assumption that ξ

is fixed forever.

We can see that, as expected, spreads and debt levels are higher in the bad regime

than the good regime. Default frequencies are also much higher in the bad regime.
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(a) (b)

Figure 6: Ergodic Distribution: Debt and Spreads

Interestingly, the ergodic distribution reveals that debt levels are also less disperse

in the bad regime. This is because default is far more likely in this regime and thus

prices respond more quickly and severely to fundamental shocks. This discourages

the use of sovereign debt as a form of insurance, which reduces the variance in debt

ratios and increases it for consumption. This latter effect can be seen in the spread

volatilities and ratios of consumption volatility to output volatility across the two

regimes in Table 2. Greater consumption volatility helps to further reduce welfare in

this regime, which helps sustain equilibrium dynamics.

Table 2: Moments Across Extrinsic Regimes

Moment Benchmark ξH Only ξL Only
Annual Default Frequency 4.0% 2.5% 4.2%

Average Spread 4.7% 3.0% 5.0%
Spread Volatility 5.5% 3.7% 5.8%

Average Debt-to-GDP 0.59 0.55 0.60
σc/σy 1.05 1.04 1.06

σNX/y/σy 0.11 0.09 0.11
corr(NX/y, y) -0.43 -0.36 -0.45
corr(r − rf , y) -0.70 -0.70 -0.72

Last, note that the benchmark model tends to have averages that are closer to ξL
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than ξH even though the two regimes have symmetric Markov switching probabilities.

This is for two reasons. First, following a default, the sunspot is automatically set

to ξL, which increases the frequency of time spent in the bad regime to more than

50%. Second, spread variance is much higher in ξL, and in the context of a sovereign

default model, this goes hand-in-hand with more skewness, since extreme realizations

are always one-sided and in the right tail. When this regime is factored into averages,

these extreme realizations tend to bring up the average, which bring it relatively

closer to ξL than ξH .

3.3. Relationship to Multiplicity of Equilibria

Whenever extrinsic uncertainty can have real effects in a model, it is natural to

question to what extent market sentiments are simply a randomization over multiple

equilibria. Often it is the case that sunspots simply select one equilibrium over

another, as is the case in Cole and Kehoe (1996) or Obstfeld (1996). In some cases

though, such as Golosov and Menzio (2015), sunspots can have real effects even when

the equilibrium is unique.

Our benchmark model does not fit neatly into either of these camps. It is true

that definitionally our sunspot equilibrium is not a randomization over multiple fun-

damental equilibria, since the two regimes share a default value, which is an equilib-

rium object. However, for the parameters in our benchmark it is true that multiple

equilibria exist. This is in line with the numerical findings of Aguiar and Amador

(2016).

This can be seen clearly in the demand schedules given in Figure 7. The figure

reveals that there are in fact multiple fundamental equilibria, but that the demand

schedules cross. Comparing Fundamental Equilibria 1 and 2, which is given by the

blue line with dots and the black line with x’s, dilution risk is higher in 1 than in
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Figure 7: Comparison to Multiplicity: Demand Schedules in Steady State

2, since the price is worse for low debt levels. However, higher debt levels are more

tolerated in 1 than in 2, since the price is better at high debt levels.

Compare this to the sunspot equilibrium, in which a monotonicity holds across the

good and bad regimes: ξL gives a uniformly worse price than ξH . In fact, it seems that

the demand schedule in ξL lies almost on top of Fundamental Equilibrium 2, and that

the demand schedule in ξH is given by the upper envelope of Fundamental Equilibria 1

and 2. It is easy to understand the former, since as η → 0 the equilibrium objects will

converge to whatever regime is sustained under ξL, since this is the re-entry sunspot.

What is interesting is the latter case, since the policy and pricing functions in ξH

cannot be sustained as their own equilibrium. This is because ξH assumes a lower

value of default than would arise in a pure fundamental equilibrium, and thus the

equilibrium conditions would not hold.

In Appendix C I compute sunspot equilibria as η approaches zero. Sunspot equi-

libria continue to exist even though one regime does not correspond to a fundamental
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equilibrium. This is because while the probability of a regime shift goes to zero, the

probability of default does not. And the belief regime switches to the ‘sustainable’

equilibrium post-default. Thus, a non-equilibrium regime can be sustained pre-default

even if the probability of returning to that regime is essentially zero post-default and

re-entry.

3.4. Policy Relevance

The model has an interesting and novel policy consequence: Since beliefs can have

real effects, there could be room for a large third-party actor to coordinate beliefs

such as the US intervention in Mexico’s 1994-1995 Tequila crisis, the European Central

Bank’s Outright Monetary Transactions Program in 2012, or any IMF intervention.

This is a point that has been made by many authors, such as Cole and Kehoe (1996)

and Calvo (1988) among others.

However, such programs could be limited in their usefulness because the model

suggests that not all belief regimes are sustainable equilibria in and of themselves.

For instance, in the benchmark model only the bad regime is sustainable. A third-

party could not hope to sustain ξH indefinitely, though it might want to, since the

very existence of ξH is predicated on a harsher default punishment than would exist

in equilibrium. Upon re-entry following a default, the sovereign would get on average

a worse value than the regime in which it currently resides. And there is empirical

evidence that borrowing conditions tend to worsen upon re-entry to credit markets

following a default (Flandreau and Zumer [2004] or Catao et al. [2007]).

This unnaturally low default value sustains more borrowing and better prices in

the good regime, but it would not exist on its own, since if the sovereign could return

to a better regime following default the value of default would rise, which would

reduce debt sustainability and raise borrowing costs, thus killing the good regime.
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4. Conclusion

In this paper I explored the potential for belief shocks in a quantitative model of

long-term sovereign debt. I found that the model can respond to extrinsic uncertainty

and that belief shocks can be quantitatively large. Since belief ‘regimes’ do not

necessarily correspond to distinct equilibria, however, it may not be the case the

third-party intervention can coordinate expectations on a ‘good’ equilibrium, since

such an equilibrium may not exist.

There is much room for further work. A more robust algorithm for the computa-

tion of these equilibria would be greatly illuminating, since it would more precisely

outline the parameterizations under which such equilibria can exist. An exploration of

the potential for such dynamics in other similar markets, such as the market for com-

mercial paper, municipal debt, or consumer credit, is also in order. Finally, a strategy

for robustly identifying such shocks empirically could be quite useful to policymakers,

though this last advance would be particularly challenging.
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Appendix A. Correlated Sunspots

I consider here the consequences of allowing for the sunspot to be correlated with

fundamental shocks. In particular, I assume that negative belief shocks tend to be

correlated with negative endowment shocks. Under this assumption, I show that

Sunspot Equilibria still exist and can be computed.

To allow for realistic correlation, I treat the sunspot and endowment process as

discrete approximations to a bivariate normal distribution with a ρξz = 0.5. The grid

sizes are as in the benchmark, but under this assumption negative belief shocks tend

to coincide with negative endowment shocks.

Figure A.1 gives the demand schedules for the sunspot equilibrium and Figures A.2

and A.3 give event studies. It is clear that belief shocks continue to play a role under

this assumption. In fact, they tend to play an even bigger role since the correlation

amplifies the strategic complementarities: A belief shock tends to coincide with a bad

endowment shock, which not only increases debt ratios on impact but also signals a

likely sequence of bad endowment shocks in the future, which worsens dilution risk.

The event study reveals this: While the spread response is similar to the benchmark,
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Figure A.1: Equilibrium Demand Functions at Steady State y: ρξy 6= 0

the debt response is initially mildly stronger and the consumption response much

stronger.

(a) (b)

Figure A.2: Debt and Spread Impulse Responses: Shift to ξL at t = 0

It ought to be noted that just as a positive correlation between beliefs and funda-

mentals amplifies the dynamics, a negative correlation works to kill it. Self-fulfilling

dynamics cannot be sustained if a negative belief shock also signals a likely sequence
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Figure A.3: Consumption Impulse Response: Shift to ξL at t = 0

of good events. Naturally, such equilibria cannot be computed; likely because they

do not exist.

Appendix B. Alternate Parameters: Calibration to

Argentina

In the benchmark model, nearly all of the parameters are chosen from an off-

the-shelf model of long-maturity sovereign debt, namely Chatterjee and Eyigungor

(2012). Here, I show that sunspot equilibria can still exist and be computed even if

model paramaters are re-calibrated to match some empirical moments, but also that

this is not always the case. To do so I provide two examples.

I match the model to Argentina from 1993:Q1-2001:Q4. Over this period, the

average external debt-to-GDP ratio was 0.7, the average spread was 8.2%, and the

spread volatility was 4.4%.12 In the first calibration, I match the first two moments

12Statistics reported in Chatterjee and Eyigungor (2012); originally derived from JP Morgan EMBI Database.
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of these moments by altering β and φ0. I keep φ1 as it was in the benchmark. In the

second calibration, I match all three moments by adding φ1 to the list of calibrated

parameters. These calibrations and their implied model moments can be found in

Table B.1.

Table B.1: Alternate Parameters

Parameter Calibration 1 Target Calibration 2 Target
β 0.92774 Average Spread = 8.2% 0.951 Average Spread = 8.2%
φ0 -0.18945 Average B/Y = 0.70 .378 Average B/Y = 0.70
φ1 0.25 Non-targeted -0.340 Spread Volatility = 4.5%

In order to match these targets, I must also change the endowment process. In the

benchmark model, the endowment process was taken from Chatterjee and Eyigungor

(2012), who estimated the process on Argentine output data from 1980-2001 and who

assumed that m̃ was a part of the output process. Here, I assume instead that m̃

is a preference shock. This implies slightly different values for the output process.

In particular, ρz = 0.930139 and σε = 0.027092. The preference shock remains

a truncated normal with σm set to its lowest value for which convergence can be

achieved. In this case, this implies σm = 0.008.

Table B.2: Moments Across Parameterizations

Moment Benchmark Calibration 1 Calibration 2 (Fundamental Eq’m)
Annual Default Frequency 4.0% 6.4% 6.3%

σc/σy 1.05 1.10 1.00
σNX/y/σy 0.11 0.09 0.25

corr(NX/y, y) -0.43 -0.61 0.12
corr(r − rf , y) -0.70 -0.74 0.18

Table B.2 gives the implied moments for these parameterizations relative to the

benchmark model. These figures give us a sense of why we might want to consider

two parameterizations: First, Calibration 1 admits a sunspot equilibrium that can

be solved for while Calibration 2 does not. We will return to why this is momen-
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tarily. Second, when we fully match all moments (Calibration 2), we wind up with

reverse curvature in the default costs i.e. it is cheaper to default in good times and

most defaults occur in good times. This results in net exports and spreads that are

pro-cyclical, which is starkly counterfactual for most emerging markets, including

Argentina.

The reason for this is because adding subsistence consumption naturally increases

spread volatility since it encourages deficit borrowing even in the face of poor intertem-

poral terms of trade. In the benchmark model, this effect generates spread volatility

that is far too high. Default cost curvature is another common way of increasing

spread volatility since it serves this same purpose: Default becomes much more likely

and less costly in bad times and thus the sovereign is comfortable borrowing in bad

times despite the lower prices.

In order to offset the excess volatility caused by adding utility curvature, the

moment-matching algorithm reduces the default cost curvature while keeping the

average level i.e. difference between φ0 and φ1 roughly the same. To match the data,

the algorithm must go so far as to reverse the curvature entirely, which discourages

deficit borrowing.

But a willingness to engage in deficit borrowing is a key element in the self-

fulfilling dynamics associated with sunspot activity. Thus we find, not surprisingly,

that sunspot equilibria cannot be found under Calibration 2.

Calibration 1 is more reasonable. It maintains default cost curvature, which is

necessary for well-behaved equilibrium dynamics (see Arellano [2008]), by fixing this

value to that of the benchmark model. To do so, spread volatility as a target is

ignored: Its value is 6.5%, which is much higher than the target of 4.4%. But the

average spread is spot on, as is the debt ratio.
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This model behaves much more like a standard model in this vein, with counter-

cyclical net exports and spreads. In fact, these relationships are much stronger than

they are in the benchmark. Also, in this more plausible model, sunspot equilibria

exist. In fact, Calibration 1 in Table B.2 gives figures for a sunspot equilibrium. The

price schedules can be seen in Figure B.1. Notice that the sunspot values are flipped:

ξL, which is the value taken upon re-entry, is now the ‘good’ regime. Since this shock

is extrinsic, there is no way to force ξL to be one regime or another, and in this case

the algorithm discovered an equilibrium in which the good regime is associated with

re-entry.

Figure B.1: Equilibrium Demand Functions at Steady State y: Calibration 1

This sunspot equilibrium behaves very similarly to the benchmark with one promi-

nent exception. The ‘giving up’ dynamic in consumption is not there, or at least it is

not as strong. The sovereign neither increases consumption nor levers up in response

to the negative belief shock, but rather gradually delevers and undergoes fiscal consol-

idation. The deleveraging is not fast enough to kill the impact of negative sentiments,
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but it does mitigate them. This can be seen in Figures B.2 and B.3.

(a) (b)

Figure B.2: Debt and Spread Impulse Responses: Shift to ξL at t = 0
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Figure B.3: Consumption Impulse Response: Shift to ξL at t = 0

Appendix C. Comparative Static Across η

Here, I consider alternate values of the extrinsic regime-switching probability. It is

necessary that they all be relatively small since persistence is important in the equi-

librium dynamics, but sunspot equilibria can be computed for many different values.

Here, I compute them when the regime switch is 1% annually and 1% quarterly and

compare them to the benchmark. Note that in order to compute them I must raise

the value of σm from .003 to .008; without doing so, the algorithm will not only

not converge to a sunspot equilibrium, but it will not even converge to a fundamen-

tal equilibrium. This slightly affects the moments, but not the model’s qualitative

properties.

Figure C.1 shows the equilibrium demand schedules. I plot steady state demand

for both ξL and ξH . While there is not necessarily a monotone relationship in the

shape of the demand schedules and η, it is clear that sunspots have real effects in all

cases since there are large divergences in the pricing schedules across values of ξ. The
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Figure C.1: Equilibrium Demand Functions Across η

lack of monotonicity may be due to the fact that there could be many sustainable

belief regimes for any given parameterization and our algorithm is only picking up

one. This would resonate with findings in a similar but distinct model in other work

(Stangebye [2016]): In that similar model, the high-debt steady state is globally stable

and an entire continuum of Markov Perfect Equilibria that converge to it exist.

(a) (b)

Figure C.2: Debt and Spread Impulse Responses: Shift to ξL at t = 0
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Figure C.3: Consumption Impulse Response: Shift to ξL at t = 0

Figures C.2 and C.3 give the generalized impulse response across η. The dynamics

are very similar to the benchmark, though again the non-monotonicity in η re-appears.

Appendix C.1. Limiting Outcomes

Here, we solve the model for very small values of η and find that even as η ap-

proaches zero sunspot equilibria can still be easily computed. This is because while

beliefs themselves almost never shift, a default event can cause a shift in beliefs.

This shift will be nearly permanent and thus one regime is necessarily transitory and

can essentially only be sustained prior to the first default event, but nevertheless it

exists. In fact, in principle one could compute an equilibrium in which there is no

belief shock, but only a shift in beliefs post-default, though such a model would be

non-stationary.

Figure C.4 gives the equilibrium demand functions for both values of ξ for several

small values of η. As before, for each value of η I plot the steady state demand

functions for both ξL and ξH . It is clear that there is virtually no difference across
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Figure C.4: Equilibrium Demand Functions as η → 0

these equilibria as η shrinks, since almost all of the equilibrium dynamics are generated

by a belief-shift following a default rather than an exogenous shift in beliefs, since

the former is orders of magnitude more likely.
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