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Abstract
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Introduction

Markets for sovereign debt are fertile ground for sentiments. During many crisis episodes, and particularly
during the recent crisis in the Peripheral Eurozone, many have spoken seriously if abstractly about the
role beliefs play in generating or perpetuating crises. Summers (2000), Lane (2012), De Grauwe and Ji
(2013), and Wolf (2014) are just a few examples.
Most discussion of belief-driven crises centers around liquidity issues or debt of relatively short maturity
(Cole and Kehoe, [1996], Rodrik and Velasco [1999], Bocola and Dovis (2019), or Aguiar et al. [2022]).
More recent work (Lorenzoni and Werning [2019], Stangebye [2020], or Aguiar and Amador [2020]) has
explored the unique role played by long-term debt in belief-driven crises in endowment economies. This
paper expands these discussions by quantitatively exploring a new type of belief-driven crisis that can arise
in economies with long-maturity debt.
In particular, I construct a model of long-maturity sovereign debt that features a fiscal rule for the
primary surplus but endogenous default. If the sovereign chooses to default, the country faces exogenous
default costs in line with the literature (Aguiar and Gopinath [2006], Arellano [2008], or Gordon and
Guerron-Quintana [2018]). The principal finding is that there are generally two stable steady states with
strictly positive default risk. However, as we shorten the maturity one eventually disappears, leaving us
with a unique “risky” steady state for shorter maturity bonds.
The result follows from the role maturity plays in the sovereign budget set and how it interacts with
default expectations. To see this, consider an economy that expects an i.i.d. probability of default, p,
that persists forever. The general strategy will be to explore conditions under which such expectations are
justified, i.e., when realized default probabilities match the expected ones.
Consider what happens to the sovereign budget set as p increases from a very low value. The first impact
of this change will be a drop in the debt price. This will require additional debt issuance to meet fixed
revenue goals. In steady state, this additional debt issuance has a secondary impact: It will imply greater
debt service requirements, which will imply both greater primary surpluses and even more debt issuance.
As p increases, the debt levels eventually make the primary surplus unpalatably high, which implies that
default becomes more tempting and is realized more often. Thus, realized default risk is increasing in
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expected default risk.
The curvature of this relationship is important and depends on the debt maturity. In the short-term
case, this feedback effect from debt issuance to debt service and primary surpluses is so aggressive that
realized default probabilities are quite steep in expected default probabilities, implying a unique fixed
point, i.e., steady state. But maturity tames this feedback loop, eventually flattening out the response of
realized default probabilities to expected ones and delivering an additional fixed point. We will refer to
these two fixed points as pH > pL > 0.1
There are two ways in which maturity does this. First, the marginal impact of p on the price falls with
maturity. An increase in the frequency of default naturally depresses prices. But this effect is mitigated
as p grows larger because default in distant periods is less likely to be realized since a default is already
likely in earlier periods. This implies that the steady state debt price, q, is both decreasing and convex in
p. Consequently, the marginal impact of higher p’s on debt prices, and thus the budget set, is smaller than
the marginal impact of lower ones. This tames the translation from expected default to greater required
debt issuance through lower prices as the economy gets riskier.
The second way maturity tames the feedback loop is by reducing the impact of debt prices and service
on the sovereign budget set. Since only a fraction of debt needs to be rolled over in the long-term case,
a diminished bond price, which comes from greater default expectations, has a smaller impact on the
sovereign budget set. This is easy to see in the limiting case of a perpetuity, in which the sovereign can
maintain steady state levels paying zero costs regardless of the price. Not only does maturity reduce the
need to issue new debt in response to price drops, but it also reduces debt service per unit of face value,
which stymies the expansion of revenue needs as debt levels rise.
The ability of long-term debt to reduce budget stress by attenuating the impact of negative future
expectations on current consumption/primary surpluses in this way is well-known (see Chatterjee and
Eyigungor [2012]). What is interesting and novel here is that this same basic force can actually make the
country worse off for some beliefs by allowing for a stable, higher-debt, higher-default steady state that
would not exist in the absence of these attenuating forces, i.e., in the case of short-maturity debt. Thus,
while elongating the maturity of debt can be a blessing, it can also be a curse. While it works to eliminate
1 It

is worthwhile noting that a risk-free steady state in which p = 0 generally exists as well. This will be shown in Section 2.
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rollover risk, it can also introduce new forms of risk to the country, namely the new, worse steady state,
pH .
To enflesh this skeletal intuition and assess the quantitative implications of the model, I incorporate
production, an endogenous labor supply, capital accumulation with realistic frictions, and a distinction
between private and public consumption. The multiplicity of interest survives all of these embellishments
and carries with it the additional feature that the worse steady state implies lower output since investment
is lower. I calibrate the model’s risk-free moments to Italy during the 2000s. I then estimate the degree of
fundamental volatility in the economy by ensuring that some equilibrium exists in which annual default
risk is 3.0%, which is the empirical average computed by Tomz and Wright (2013) conditional on defaulting
at least once.
It turns out that only the pL steady state can accommodate a 3.0% default rate, which implies that
there is a worse steady state, pH , that is even riskier. In this case, the bad steady state yields an annual
default risk of 22.1%. Both admit a continuum of stable local trajectories, which I refer to as local Markov
equilibria. Viewed through the lens of Lubik and Schorfeide (2004) among others, this suggests that
short-run belief shocks could also influence local dynamics even while limiting beliefs are fixed.
The indeterminacy in each of these risky steady states is driven by the convergence speed : If the expected
convergence rate from above to the high-debt steady state is fast, then default risk is less of an issue in
the medium term and prices are higher. These higher prices facilitate faster convergence, thus justifying
expectations. The opposite is true if a slow convergence rate is expected.
To identify the potential influence of beliefs of this nature during the Italian debt crisis, I add fundamental shocks to the model and estimate their processes in the context of the linearized model on Italian data
from 2010-2012. I find that the pL equilibrium implies the highest likelihood at its estimated parameters,
so I use it to identify the sequence of fundamental shocks. Feeding these shocks into both the risk-free and
pH counterfactual equilibria reveals that, conditional on having a belief shift, Italy seems to have gotten
‘lucky.’ The implied risk-free counterfactual trajectory is only mildly better than Italy’s actual experience.
However, had beliefs shifted to pH rather than pL , output levels would have been substantially lower and
default risk and bond yields substantially higher.
The policy consequences of the model are twofold. First, it suggests that, in contrast to the related
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model of Lorenzoni and Werning (2019), one cannot rid the model of equilibrium multiplicity by increasing
the responsiveness of the primary surplus function. Rather, a stronger primary surplus response works to
flatten the response of realized default probabilities to expected ones, which preserves the multiplicity.
Second, if there is a large, deep-pocketed, third-party agent with the ability to coordinate expectations,
then there is clearly a role for them if there are multiple equilibria. Consider as examples the US Treasury
during the Tequila crisis or the ECB during the Eurozone crisis. Such a third-party would want to
coordinate the economy away from the risky equilibrium, be it pL or pH , and onto the risk-free equilibrium.
In the benchmark calibration, the third-party could do so regardless of the maturity of the debt. At the
benchmark maturity, though, if the sovereign becomes too myopic or the economy too volatile, then the
multiplicity disappears entirely and this tool is lost to the third-party as pH becomes the unique steady
state.
1.1

Literature Review

There has been a significant resurgence in interest in equilibrium multiplicity and beliefs in sovereign
debt markets, largely as a result of the Eurozone crisis of 2010-2012. Classic models of self-fulfilling
liquidity crises, such as those in Cole and Kehoe (1996) or Rodrik and Velasco (1999), have been explored
empirically in Bocola and Dovis (2019) and expounded on in Aguiar et al. (2022). Other classic models
of over-issuance, such as Calvo (1988), have been developed, applied, and refined by Aguiar et al. (2013),
Corsetti and Dedola (2016), and Ayres et al. (2018) among others.
The role of beliefs in the classic model of Eaton and Gersovitz (1981) has also been developed as of
late. Auclert and Rognlie (2016) develop conditions under which the equilibrium is unique when the debt
maturity is short, while Passadore and Xandri (2015) develop separate conditions under which there is the
possibility of indeterminacy in the same class of models. Both Aguiar and Amador (2020) and Stangebye
(2020) describe how multiple Markov equilibria can arise in this sort of environment when the debt is of
long maturity. The former provides analytic characterizations in a simple environment and emphasizes
the necessity of default costs; the latter highlights the important quantitative role of curvature in the flow
utility in the computation of such equilibria in a richer environment.
The most closely related work to this is that of Lorenzoni and Werning (2013, 2019), who describe how
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equilibrium multiplicity can arise as a result of long-maturity debt through long-run beliefs in a model in
which the sovereign follows a fiscal rule. This paper exhibits several marked differences from theirs. But
the critical intuitive difference is that multiplicity in my framework emerges as a result of how default
expectations influence the sovereign budget set through maturity. In theirs, it emerges from the fact that
long-run expectations influence current prices through the dilution channel.
This implies substantial differences. For instance, in their framework, an aggressive primary surplus
response to debt levels works to kill the multiplicity since it precludes trajectories with vast debt build-ups.
In my framework, a more aggressive primary surplus function tends to preserve the multiplicity while a
weak primary surplus response tends to kill it. The idea is that a weak primary surplus response to debt
levels amplifies the feedback loop between debt service and issuance needs, effectively making long-term
debt behave like short-term debt, for which the risky steady state is unique.
There are many other differences as well. In fact, their equilibria cannot arise in my benchmark model. In
Appendix D, I not only discuss why this is the case, but also modify my benchmark so as to accommodate
their equilibria, which highlights the distinction from my own. I then discuss in detail the differences
between them with respect to both the dynamics and the policy prescriptions.

2

Elementary Model

We begin our analysis with an elementary model to highlight both the core novel intuition and the minimal
ingredients necessary to generate the steady state multiplicity. We consider a model of limited commitment
and sovereign credit risk in which the sovereign’s sole decision is whether or not to default on outstanding
debt obligations. Should the government choose to default, the country is excluded from credit markets
forever and government receives some value of default UD + , where  is an iid default risk shock. The
fiscal policy is given by some primary surplus rule S(Bt ) = k0 + k1 Bt , where k0 < 0 and k1 > 0. In
periods of debt repayment, the government receives a constant stream of tax income, τ , implying that
public consumption is given by τ − S(Bt ). The sovereign receives a flow utility ν(τ − S(Bt )), where ν
satisfies the Inada condition, and discounts the future at β.
We assume that debt is long maturity as in Aguiar et al. (2016), maturing on average every 1/λ periods
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and paying a coupon of κ every period regardless of whether or not it matures. This implies that, on
average, a fraction of debt λ matures in each period and that total debt service for a given stock of
debt, Bt is given by (λ + κ)Bt . This debt stock is the only relevant state variable. New debt issuance is
determined by the budget constraint given the surplus rule, i.e.,
(λ + κ)Bt = S(Bt ) + qt [Bt+1 − (1 − λ)Bt ]
The only decision the sovereign makes is whether or not to default on his debt, which he does at the
beginning of the period. This implies that we can define a sovereign Bellman equation given by
UR (Bt ) = ν(τ − S(Bt )) + βE [max{UD + ˜, UR (Bt+1 )}]
where Bt+1 follows from the budget set given a qt .
Lenders are risk-neutral and have access to an outside option with net return r, which implies that the
following pricing condition must hold
qt =

Et [1{UR (Bt+1 ) ≥ UD + ˜} × [λ + κ + (1 − λ)qt+1 ]]
1+r

where  is distributed uniformly on [L , H ]. Our final assumption is that κ = r. Aguiar et al. (2016)
employ this assumption since it implies that the price of a risk-free bond is always unity regardless of
maturity. This works to eliminate price level effects in comparative static exercises across maturity, of
which we will conduct many.
2.1

Elementary Model: Steady States

Now, we will search the model for “risky” equilibrium steady states, in which there is a constant endogenous
Poisson probability of default, p. Conditional on repayment, though, the endogenous model objects, .e.g.,
prices, debt levels, and value functions, do not change from one period to the next.
We search for such steady states using the following approach. We suppose that lenders anticipate
an infinite sequence of constant default probabilities p and price the debt accordingly, giving us some
constant price, q. This will obviously not constitute equilibrium behavior for most values of p, but it
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is a well-specified exercise nevertheless. We then use the sovereign budget constraint and the price q
to determine the constant associated debt stock, B. With the level of debt in hand, we can define the
sovereign’s flow utility via the surplus rule. Given the flow utility, the Bellman equation defines the value
function for repayment. This new value function in repayment together with the simple threshold default
rule will generate endogenously a new iid default probability, G(p) ∈ [0, 1].
The interpretation here is that if p is the expected level of steady state default risk, then G(p) is the
implied realized level of steady state default risk when lenders price accurately in response to expectations
of p and the sovereign responds optimally to these implied prices. A valid steady state equilibrium can be
constructed from the fixed point, G(p∗ ) = p∗ .
We begin this procedure by solving the lender pricing recursion given a fixed p. This delivers
q(p) =

1−p

1−λ
1 + p λ+κ

Plugging this expression into the sovereign budget constraint, we can find the steady state B as
k0

B(p) =


λ + κ − k1 − λ

1−p
1−λ
1+p( λ+κ
)



Now we define the sovereign flow utility as a function of the default probability as F U (p) = ν(τ −
S(B(p))). Notice that since the price is decreasing in p, the debt level must be increasing in p. And since
the surplus function is increasing the debt level, we get that F U (p) is a decreasing function, which makes
sense.
Now we are ready to turn to the sovereign repayment Bellman. We will invoke the easy fact that the
default threshold is given by a simple threshold rule, ¯(p) = UR (p) − UD , which (assuming interior default)
implies




UR (p) − UD − L
H − UR (p) + UD
H + UR (p) − UD
UR (p) = F U (p) + β
UR (p) +
× UD +
H − L
H − L
2

(1)

If default probabilities are not interior, i.e., if the solution to this equation does not satisfy UR (p) − UD ∈
[L , H ], then we can instead define UR (p) to be either the risk-free value with no default or the “always-
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default-next-period” value. These will not be relevant for our analysis, so in the interest of brevity we will
not write them out explicitly.
It is easy to see that Equation (1) produces a quadratic in UR (p), the relevant solution to which2 is
1+
UR (p) =

β
(
H −L L

+ UD ) −

r

1+

β
(
H −L L

2
+ UD ) −

2β
H −L



× F U (p) +

β
(UD
2(H −L )

+ H

)2



β
(H −L )

(2)

With this in hand, we can finally define G(p) in closed-form. To do so, we first define
Ĝ(p) =

H − UR (p) + UD
H − L

(3)

with UR (p) given by Equation (2). We then arrive at



0,
UR (p) − UD > H




G(p) = Ĝ(p), UR (p) − UD ∈ [L , H ]





1,
UR (p) − UD < L

(4)

We note that increased expected default risk, p, translates into higher realized default risk, i.e., G(p) is
increasing. It is clear from Equation (2) that UR (p) is decreasing in p. Thus, from Equation (3), we see
immediately that G(p) must be increasing. The logic is pretty straightforward: Higher default risk lowers
prices and, through the budget constraint, raises debt levels. Higher debt levels raise the primary surplus
required to service it and thus lower welfare in the repayment state. Since the default value is flat in p,
this mechanically increases G. Fixed points in G will occur at the intersection with the 45 degree line.
2.2

Elementary Model: Example

We will now explore how and why a multiplicity of steady states emerges in this environment with a simple
example.3 We consider the following plausible calibration: ν(c) = log(c), k0 = −.7, k1 = 0.5, τ = 1.07,
β = .95, r = .02, L = −.15, H = .15, and Ud = −.04. λ varies across comparative static exercises and
2 Being quadratic, Equation (1) obviously produces two solutions. However, only one is decreasing in p, and this is Equation (2). The other is
increasing in p and thus not consistent with interpreting Equation (1) as implied by an optimal default threshold rule since F U (p) is decreasing.
3 Formal results codifying the intuition presented in this heuristic example can be found in Appendix A.
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is clearly labeled in the figures. These parameter choices are largely for simplicity of exposition. We will
show that the intuition outlined here holds in the more rigorously calibrated quantitative model in the
next section.
We begin with Figure 1, which displays G(p) for a variety of maturities. We observe that the number
of steady states depends on the maturity. Under all maturities, a risk-free steady state with zero default
risk exists, as does a ‘low’ risk steady state that arises when G(p) = Ĝ(p) in low-p regions. For short
maturities, these are the only two steady states. However, at longer maturities, e.g., λ = .075 and smaller,
we find a third steady state emerges that is significantly riskier than the first two.
Figure 1:

The intuition behind this multiplicity lies in how the implied levels of indebtedness diverge across
maturities as p increases, which can be seen in Figure 2a. There is a feedback loop between issuance needs
and debt levels: Low prices necessitate greater levels of debt issuance, which in turn imply higher debt
service costs in steady state. These higher debt service costs imply an even greater deficit in steady state
and thus even more required debt issuance.
The reason why G(p) increases with p is thus because the primary surplus rises alongside the debt levels

10

Figure 2:

(a)

(b)

in accordance with the fiscal rule, though not by enough to offset the increase in debt levels.4 This makes
repayment of debts progressively more unpalatable, which raises realized default risk.
Figure 2a makes clear that these dynamics are quite strong in the short-term case but muted in the
long-term case. This is because the translation from prices to debt service costs falls with maturity. In
the maturity limit as the bonds become perpetuities, there is no relationship between prices and debt
service costs. The sovereign never has to roll over his debt stock from period to period and so prices
become irrelevant and Figure 2a would become perfectly flat since debt levels only rise because falling
prices induce higher debt service costs.
Figure 2b reveals that the price also affects the shape of G. In particular, it shows that the price as
a function of p is convex for long-term debt and linear for short-term debt. The reason for the latter is
obvious: Default risk proportionately impacts risk-neutral pricing of short-term debt (see Arellano [2008]
among others). The convexity in the long-term case arises because the marginal impact of p on the price
falls with maturity. An increase in the frequency of default naturally depresses prices. But this effect is
mitigated as p grows larger because default in distant periods is less likely to be realized since a default
is already likely in earlier periods. Consequently, the marginal impact of higher p’s on debt prices, and
thus the budget set, is smaller than the marginal impact of lower ones. This tames the translation from
expected default to greater required debt issuance through lower prices as the economy gets riskier.
4 In

this example, k1 = 0.5, which is a typical value used in the literature.
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A natural concern is whether one of these risky steady states is more stable than another or offers some
additional intuitive benefit. While it is possible to compute the local stability of each of these steady states,
the conditions ensuring stability are quite esoteric. Given that the focus of this paper is quantitative in
nature, I leave a detailed analysis of the stability properties of each steady state to future researchers.
That being said, we can observe here that each of these steady states has distinct but intuitive limiting
properties. We already established that when tracing out a reduction in maturity, only pL remains.
However, if we increase the degree of risk in the economy, then only pH remains. This can be observed
graphically in Figure 3. The logic behind it is straightforward. By increasing the degree of default risk
in the economy, the risk-free steady state and those closest to it disappear. However, the risky steady
state will always remain because high  shocks actually increase expected utility since they boost utility in
the default state. This works to increase the value of repayment in the high-default-probability scenarios,
which implies that pH will survive since G(p) is increasing and G(1) must remain less than unity.
Figure 3: Additional Risk =⇒ pH Alone Survives
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3

Quantitative Model: Description

We now elaborate on the model to examine the quantitative implications of this multiplicity of steady
states. In particular, we will introduce production with capital accumulation and an endogenous labor
supply, investment adjustment costs, an endogenous default value, and a distinction between the private
and public sectors.
Importantly, we retain the assumption that the government’s only decision is whether or not to default
on outstanding debt obligations. Their borrowing behavior, as in the elementary model, is determined
entirely by a pre-specified fiscal rule in combination with equilibrium prices.
To keep the exposition simple and focus our initial attention on the steady state analysis, we first assume
that the only shock is the default shock described in the elementary model. In the empirical section that
follows, we will introduce a variety of fundamental shocks to better match the data and derive more robust
counterfactuals. None of the additional fundamental shocks we will later add will change the set of steady
states.
3.1

Private Sector

We consider initially a simple production economy with only one shock: An i.i.d. shock to the sovereign’s
desire to default, t , which can be interpreted as either a default cost shock or a default preference shock.
There will be endogenous capital accumulation with an aggregate capital stock, Kt . There is also an
aggregate stock of foreign debt, Bt . We collect all relevant states into a vector, st = [Kt , Bt , t ]. The set
of all possible states at a given time, t is denoted St . Since we will be restricting attention to Markov
equilibria, these states together with the shock will suffice to describe the equilibria under consideration.
The economy is populated by a unit mass of hand-to-mouth consumers with separable preferences
over private and public consumption. These households take government spending, Gt (st ), as given. They
elastically provide labor and have Greenwood et al. (1988) preferences over private consumption and labor.
They pay a labor income tax, τL , that is proportional and non-state-contingent.
Households are infinitely lived and discount the future at a rate, β. The government, as a dynamic
actor, will take this into account, but since the household decision is entirely static, in the interest of
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brevity we write out only the flow utility in a given state st :

1+1/χ

l
max u ct − ψ t
ct ,lt ≥0
1 + 1/χ

!
+ ν(Gt (st ))

(5)

s.t. ct ≤ (1 − τL )wt (st )lt
where χ is the Frisch elasticity of the labor supply. Households ar Foreign investors are assumed to own
all capital, so domestic agents receive only labor income.
Production is Cobb-Douglas with Yt (st ) = Ktα Lt (st )1−α . There is a unit mass of competitive final goods
firms. We will assume that following any default, output will be (1 − φ)Yt (st ) where φ > 0 is a permanent
productivity loss (see Mendoza and Yue [2012]).
Further, there are competitive capital markets. Capital goods producers solve the following static
problem conditional on arriving at a state, st :

max Qt (st )Φ
it ≥0

it (st )
Kt


Kt − mc ∗ it (st )

(6)

where Qt is the price of capital and mc is the constant marginal cost of producing investment goods.5
We assume for simplicity that these capital goods firms, like the foreigners who purchase the capital, are
foreign. Thus, profits do not return to the country. This assumption is not crucial for the principal results
but only for expositional clarity.
Competitive foreigners own all capital and are assumed to be risk-neutral, deep-pocketed, and have
access to a risk-free asset yielding a return r. There is a proportional and non-state-contingent tax on
capital income, τK . This implies that the following condition governs investment
Qt (st ) =

1
Es̃ |s [(1 − τK )Rt+1 (s̃t+1 ) + (1 − δ)Qt+1 (s̃t+1 )]
1 + r t+1 t

(7)

where Rt+1 is the gross return to capital and δ is the depreciation rate, which we include to allow for
realistic capital accumulation dynamics. If we combine this pricing condition with the law of motion for
5 We

assume that mc is part of the technology and not an endogenous price.
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capital, i.e.,

Kt+1 = (1 − δ)Kt + Φ

It (st )
Kt


Kt

R
we will derive a law of motion for aggregate capital that we will define separately for repayment, Kt+1
(st ),
D
and default, Kt+1
(st ).

Notice that investment is governed by expected productivity tomorrow through the gross return to
capital. This is where default plays a non-trivial role: If default probabilites increase, then investment is
dampened since the expected returns fall.
These same competitive foreigners also invest in long-maturity, defaultable sovereign bonds. Following
Aguiar et al. (2016), each bond matures each period with a probability λ and pays a coupon κ each period
whether it matures or not. Default is total when it occurs, which implies the following pricing recursion.



1
qt (st ) =
Es̃ |s [1 − dt+1 (s̃t+1 )] [λ + κ + (1 − λ)qt+1 (s̃t+1 )]
1 + r t+1 t

(8)

where dt+1 is an indicator function equal to unity when the sovereign defaults.
3.2

Sovereign Government

The sovereign government provides a public good that is valued by households. It cannot change its
tax rates on labor, τL and capital, τK . Following Leeper (1991) or Lorenzoni and Werning (2013), the
sovereign is required to follow a state-contingent rule for the primary surplus that depends on the current
debt level, St (Bt ). While this pins down expenditures, it does not pin down debt issuance because prices
are endogenous.
Debt is owned exclusively by foreigners and the sovereign lacks the ability to commit to repaying this
debt. The benevolent sovereign will default on it if doing so improves household welfare ex post. The only
caveat to this is the presence of an additive i.i.d. shock to the utility derived from defaulting, t , implying

15

that we can express the sovereign’s utility in a state st as
Ut (st ) = max{UR,t (st ), UD,t (st ) + t }

(9)

Defaulting results in a permanent exclusion from credit markets as well as a permanent productivity loss
as was discussed earlier. The sovereign is a large actor that internalizes the impact this his default has on
private agents and their welfare.
Following the decision to repay, the government enters into bond markets and is allowed to borrow
from foreign creditors. Following this, households consume. Because the government is a large actor
that understands the mapping from borrowing to equilibrium objects, it would like to internalize these
effects as it does when it defaults. However, being constrained by its mandate to follow a fiscal rule,
the government cannot use its borrowing behavior to influence such outcomes. This implies a Bellman
equation for repayment given by


Lt (st )1+1/χ
UR,t (st ) =u Ct (st ) − ψ
+ ν (Gt (st )) + βEs̃t+1 |st [Ut+1 (s̃t+1 )]
1 + 1/χ
s.t. Ct (st ) = (1 − τL )(1 − α)Yt (st )

(10)

Gt (st ) = [ατK + (1 − α)τL ] Yt (st ) − St (Bt )
R
Kt+1 = Kt+1
(st )

[λ + κ] Bt = St (Bt ) + qt (st ) [Bt+1 − (1 − λ)Bt ]
The last two constraints dictate Kt+1 and Bt+1 , which are the two deterministic components in s̃t+1 from
the perspective of time t. The only stochastic component of s̃t+1 is the preference shock, ˜t+1 , but it could
imply differential productivity, taking a unity value in repayment and a value of 1 − φ in default.
The value of default can similarly be expressed recursively. In default, the sovereign is not allowed
to run primary surpluses or deficits since it can neither borrow from nor save abroad and its domestic
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residents are hand-to-mouth. All expenditures are thus paid for with current taxes.


Lt (st )1+1/χ
+ ν (Gt (st )) + βUD,t+1 (st+1 )
UD,t (st ) =u Ct (st ) − ψ
1 + 1/χ
s.t. Ct (st ) = (1 − τL )(1 − α)(1 − φ)Yt (st )

(11)

Gt (st ) = [ατK + (1 − α)τL ] (1 − φ)Yt (st )
D
(st )
Kt+1 = Kt+1

Bt+1 = 0, t+1 = ¯
Notice that conditional on default the model becomes deterministic, as it is an absorbing state and the only
shock in this model is the default preference shock. To highlight this point and avoid needless expectation
expressions I assume that the  shock becomes degenerate following default.
Following Aguiar and Gopinath (2006) or Arellano (2008), I treat default as a technology rather than
interpreting the cessation of lending in default as history-dependence.
3.3

Equilibrium Concept

R
(st ),
A Markov Equilibrium is a set of functions {Ur,t (st ), Ut (st ), qt (st ), Qt (st ), dt (st ), Kt+1

Rt (st ), wt (st ), Lt (st ), Yt (st )}∞
t=0,st ∈St such that
1. Equations (5)-(10) hold.
2. Wages and capital rents are determined competitively.
3. dt (st ) = 1{UR,t (st ) ≥ UD,t (st ) + t }.
Notice here a couple of things. First, most equilibrium objects will be functions of two only two state
variables: Kt and Bt . The only exception is dt (st ), which also requires knowledge of t .
The most non-standard implication of this environment is that the price is expressed as qt (st ). Thus,
in contrast to the framework of Eaton and Gersovitz (1981) or Arellano (2008), the price is not directly
influenced by debt issuance, but only by the current state. This reflects in a parsimonious way the fact
that the country is constrained in its debt choice by a fiscal rule. As in Lorenzoni and Werning (2013),
though, debt issuance will still wind up affecting the price in equilibrium since Bt+1 is determined from
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the budget constraint and fiscal rule in a way that is knowable to investors. I refer the interested reader
to Lorenzoni and Werning (2013), who offer some justification for this approach in their Section 5.
D
Finally, notice that the set {Ud,t (st ), Kt+1
(st )}∞
t=0,st ∈St is not included among the equilibrium objects.

This is because default is an absorbing state that will remain the same across equilibria in the analysis.
The strategic complementarities that drive equilibrium multiplicity will be a feature of access to credit
markets. Further, since there is no recovery, these objects depend only the capital stock, Kt .

4

Quantitative Model: Steady States and Local Equilibria

We restrict attention to Markov Equilibria that exhibit steady state dynamics. Just as in Section 2,
such steady states will be accompanied by a constant default probability in each period, p = 1 −

F UR (K̄, B̄) − UD (K̄) . We begin, of course, by finding these steady states.
4.1

Calibration

We calibrate the model using Italian data both before and during the Eurozone crisis. In particular, we
will associate key empirical moments from the period 2002-2009 with a risk-free steady state. We then
analyze what sorts of other equilibria emerge, the idea being to examine what a shift in beliefs during the
crisis from 2010-2012 could have entailed in the context of the model.
For exposition, we consider the canonical case where sovereign borrowing behavior is dictated by a
linear fiscal rule, i.e., s(B) = k0 + k1 B. While this functional form is widely used in the literature, there is
wide disagreement with regards to the strength of the response of the primary surplus to debt levels. For
instance, Lorenzoni and Werning (2013) assume that k1 = .02, while Bocola (2016) assumes that k1 = 1.0.
We will explore comparative statics for the value of this parameter in Section 6, but for the benchmark
we set it to a reasonable value in between these: k1 = 0.5. The intercept term, k0 , is well-identified by
average foreign indebtedness given any k1 . We match this to data on foreign indebtedness in this time
period, which was 197.5% foreign-debt to quarterly-GDP.6
We set the flow utility for private and public consumption to be log(c), but following Conesa and Kehoe
(2014), we assign a weight of 1 to private consumption and .2 to public consumption. The remaining
6 Public

debt data are taken from the ECB statistical data warehouse and matched with data on foreign ownership from Bruegel.
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parameters are set to the plausible values found in Table 1. The Frisch elasticity of the labor supply
as well as the TFP default cost are taken from Mendoza and Yue (2012), who use the same preference
specification as I do here (Greenwood et al. [1988]).
The process for final good and capital production is taken from Bocola (2016), who estimates his model
on Italy during this same time period. In particular, we set α = 0.3 and assume that Φ(x) = x1−ξ . We
take Bocola’s value of ξ = .42. We then jointly choose mc and ψ to normalize output and hours worked in
the risk-free, no-default steady state7 to both equal unity.
Table 1: Calibration
Parameter
(χ, φ)
(ξ, λ, α)
(β, r)
k1
(mc, ψ)
κ
(τL , τK )
δ
k0
σ

Value
(2.2, .05)
(.42, .056, .3)
(.95, .01)
.5
(.475,.417)
.01
(.404,.404)
.408
-.968
.053

Target
Mendoza and Yue (2012)
Bocola (2016)
Standard literature values
In between literature values
Normalize lRF = 1.0 and yRF = 1.0
Normalize risk-free price = 1.0 (for any maturity)
=⇒ Italian (Tax Revenue)/GDP = 40.4%, τL = τK
=⇒ i/y = .213 in risk-free SS
=⇒ (Foreign Debt)/(Quarterly GDP) = 197.5% in risk-free SS
=⇒ 3% Annual default in at least one SS

Average debt maturity is also taken from Bocola (2016) and is set to roughly 4.5 years. The sovereign
is assumed to be more impatient than his foreign creditors with β = .95 in the benchmark, though we
consider other discount factors in the sensitivity analysis. As in the elementary model, we assume that
κ = r.
Finally, the bounds on , which we continue to assume is uniformly distributed, are chosen to ensure that
interior equilibria with default risk, i.e., p̄ ∈ (0, 1) exist. In particular, assuming a uniform distribution
centered around zero, we increase the bounds symmetrically to ensure that at least one steady state
implies an annual default risk of 3%, which is the empirical average conditional on defaulting at least
once as calculated by Tomz and Wright (2013).8 Importantly, we do not place a restriction on how many
such steady states exist or which among them features this property. This exercise turns out to uniquely
identify the bounds on . As in the elementary model, if an interior equilibrium exists at all, there will
7 The

risk-free, no-default steady state can be derived on closed-form.
and Wright (2013) note that the unconditional default rate in the whole dataset is lower, at around 1.7%. One could achieve a default
rate in this neighborhood under the assumption that the country spends some of its time around the risk-free steady state and some of its time
around a higher-risk steady state, as seemed to have happened empirically through the lens of the model as we will show in Section 5.
8 Tomz
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generally be two of them for the case of long-term debt. And, conditional on the other parameter values
already set, only the lesser of them can ever achieve an annualized default rate of 3%.
4.2

Constructing Steady States

A thorough discussion of the solution technique can be found in Appendix B, but on a basic level we derive
the set of steady states using the same fixed point approach employed in Section 2. We invoke stationarity
to eliminate time subscripts.
The plot of G for the benchmark calibration as well as the case when λ = 1 can be found in Figure
4, from which it is apparent that the intuition from Section 2 is preserved. There are three steady state
equilibria: A risk-free steady state located at p = 0 and two other distinct equilibria with strictly positive
quarterly default risk located at .75% and 6.0%. Annualizing these default frequencies results in 3.0% and
22.1% respectively. Further, when the maturity is fully short, the high-risk steady state disappears. Figure
4d reveals that multiplicity is not recovered by alternate choices of the volatility of .
Recall that an annualized default rate of 3% (.75% quarterly) was a target for the support of . To
understand this identification, I include in Figure 4b alternative values for the support of . All are
symmetrically placed around zero but vary in volatility. It is clear from the figure that as we shrink
the support of  and risk disappears from the economy, we are left with only the risk-free steady state.
Similarly, when we blow up the degree of risk in the economy, we are left with a unique steady state that
features default risk, i.e., the risk-free steady state disappears as well as one of the risky steady states.9
As such, our targeting exercise of the support of , under the restriction that is uniformly distributed
and centered around zero, is well-defined given the other parameters. Only the lesser steady state emerges
as being able to achieve a 3% annualized default rate. Reducing the risk through the bounds of  does
reduce the greater steady state, but both risky steady states disappear entirely before it ever enters the
neighborhood of the target.
The two risky steady states, which we will call pL and pH , are Pareto-ranked. In pH relative to pL ,
there is uniformly higher indebtedness, default risk, and borrowing costs as well as lower investment, hours
worked, and output. In addition, the riskier steady state features a higher likelihood of eventually facing
9 It

is worth noting that decreasing β and increasing r have roughly the same effect on the shape of G(p) as increasing the volatility of .
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Figure 4: Fixed Point Map

(a) Benchmark: Zoomed In

(b) Benchmark: Full Scale

(c) λ = 1: Zoomed In

(d) λ = 1: Full Scale

the deadweight productivity losses associated with default, which is why investment and capital and, in
turn, hours worked and output, are lower.
In pL , we find that steady state indebtedness is 1.2% higher than its risk-free counterpart; in pH , this
figure is higher at 6.0%. Annualized spreads are 3.2% in pL and 29.5% in pH . Output in pL is 99.8% of its
risk-free value and output in pH is 98.5% of its risk-free value. This output drop is mostly due to falling
investment, which implies a capital stock that is 99.7% of its risk-free value in pL and 97.5% of its risk-free
value in pH , but steady state labor falls in each case as well.
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4.3

Local Dynamics

While steady states are interesting in their own right, it is certainly useful to be able to explore equilibrium
behavior when outside of steady state. To do so, I apply perturbation techniques. A Local Markov
Equilibrium is a set of linear policy, price, and value functions that constitute a first-order approximation
of a Markov Equilibrium in the neighborhood of a steady state. For more details see Appendix B.
A local Markov equilibria requires, first and foremost, that its associated steady state is locally stable.
It is not immediate that the two positive default-risk steady states that arise in the benchmark model are
locally stable, but, as would be suspected from Propositions 4 and 5, it is indeed the case.
We thus construct local Markov equilibria around each of the risky steady states to explore the local
dynamics. As there are two state variables, capital and debt, local stability will require at least a real twodimensional stable manifold around the steady state. If the real stable manifold is exactly two-dimensional
then we have local determinacy, i.e., there is a unique local Markov equilibrium. If it is greater, there will
be local indeterminacy, i.e., there will be many local Markov equilibria that all converge to that steady
state.
In the benchmark model, we find that the risk-free steady state features a two-dimensional, real-valued
stable manifold, but that both pL and pH feature three-dimensional, real-valued stable manifolds. Consequently, the risk-free steady state implies a unique local Markov equilibria, while each risky steady
state generates a continuum of local Markov equilibria, i.e., local indeterminacy. The source of the local
indeterminacy in the latter case revolves around the speed of convergence, which I will describe shortly.
The focus of this paper will be on local Markov equilibria, but it is worth noting that while every Markov
equilibrium that converges to a steady state implies a local Markov equilibrium in the neighborhood of that
limiting steady state, it is not necessarily true that any local Markov equilibrium implies a global Markov
equilibrium that converges to it. However, I show that some of the equilibria can be computed globally
using value function iteration methods. I demonstrate this in Appendix C. In those global equilibria that
can be computed, the model dynamics around the implied steady state are quite linear, which suggests
that the local approximations used here are likely good approximations to fully global dynamics in the
neighborhoods we consider here.
The local dynamics are best understood by observing the trajectory back to the steady state following
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any deviation. The risk-free equilibrium is essentially a variation on the neoclassical growth model with
a fiscal rule in the style of Leeper (1991). Since this model is well-understood already, in the interest of
brevity I restrict attention to the two steady states with positive default risk.
Although there exists a whole continuum of local Markov equilibria for each steady state, in the interest
of brevity I will consider only four: The two extreme equilibria surrounding pL and the two extreme
equilibria corresponding to pH . ‘Extreme’ here refers to the relative speed or sluggishness of the implied
response and can be determined by the sizes of the eigenvalues associated with the stable manifold. Thus,
the dynamics of intermediate equilibria in the each case will typically lie between these extreme cases.
Figure 5 describes the trajectory of each equilibrium back to steady state when the debt stock at time
0 is initially 1% above its steady state level and capital stock is initially at its steady state. The first thing
to notice is that the equilibria around pL are much more responsive than the equilibria around pH . For
instance, It appears that future default risk weighs so heavily in the latter already that small changes in
the debt stock do not disturb pricing or other dynamics much.
In both steady states, though, we get the interesting dynamic that the speed of convergence affects the
price in a self-fulfilling way. Regardless of the steady state, the corresponding Eq 1 returns to steady state
more slowly than Eq 2. The price responds to this trajectory: In Eq 1, the country faces elevated risk for
a longer period of time due to the high expected debt levels in the medium-term. This reduces the price,
which makes it take longer to delever. Thus expectations are fulfilled. In Eq 2, though, deleverageing is a
quick phenomenon (in pH , it is instantaneous). Prices actually increase in response to this deleveraging.
This is because the beneficent prices actually make it so easy to delever that the country ‘overshoots’ and
delevers relative to steady state, which substantially reduces default risk in the medium term.
This is the reason for the discrepancy in default behavior across Eq 1 and Eq 2: In the former, they
rise on impact and in the latter they fall. This alteration in default behavior influences investment and
the capital stock in a straightforward way: When default probabilities rise investment falls and vice versa.
These same dynamics are all at work in response to a capital deviation, as exposited in Figure 6.
Nevertheless, there are a few differences worth noting. First, the economy is much more responsive to
capital than debt, so the implied deviation we examine is smaller to ensure that first-order approximations
remain useful.
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Figure 5: Response to 1% Debt Deviation

(a) Debt Level

(b) Debt Price

(c) Default Probability in t + 1

(d) Capital Stock

Second, capital seems to have a differential impact on default risk across the pL equilibria but not
across the pH equilibria. Gordon and Guerron-Quintana [2018]) note that it is not obvious that having
more capital reduces default risk, as it raises both the value of repaying debts and defaulting on them. In
pH , it seems that having more capital always reduces default risk mildly, fostering slightly better prices
and continued investment. In pL Eq 2 this also seems to be the case. However, in pL Eq 1, it seems
that additional capital raises the value of default by more than repayment, thus raising default risk. The
implied depressed prices necessitate greater debt issuance, which raise default risk even more and make
the situation look much like Figure 5.
While a quantitative exploration of the potential empirical relevance of the this new source of indeterminacy would certainly be interesting, I leave it to future researchers. This is because when one adds
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Figure 6: Response to .1% Capital Deviation

(a) Debt Level

(b) Debt Price

(c) Default Probability in t + 1

(d) Capital Stock

fundamental shocks to perform crisis counterfactuals the model, as I do in the next section, this indeterminacy disappears. This disappearance is not surprising. Frankel and Pauzner (2000) have shown that
the inclusion of shocks eliminates indeterminacy in other macro applications as well.

5

Crisis Analysis

Here we explore the Italian experience during the Eurozone crisis and what the model suggests could have
happened had beliefs been different. The assumption will be that Italy was in a risk-free equilibrium until
2009 and then suddenly experienced a shift in beliefs to one of the risky equilibria in the first quarter of
2010.
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Given that the model is intentionally simple to clearly highlight the source of the steady state multiplicity, to make this analysis realistic we will add three sets of fundamental shocks: A productivity shock, a
fiscal shock, and a risk-premium shock. We estimate these shock processes in the context of the calibrated
model across different linearized equilibria on three series of data: Output, foreign indebtedness, and bond
yields. We use data from 2010Q1-2012Q2. The end date is determined by the announcement of OMT and
Mario Draghi’s ‘whatever it takes’ speech, which is widely viewed as the conclusion of the Eurozone debt
crisis, or at least the part of it driven by beliefs (see Lorenzoni and Werning [2013]).
Quarterly output is expressed in terms of deviations from the log-linear trend found in the data from
2002-2009 and debt-to-GDP is foreign-held public debt over quarterly output as in the risk-free case.
Output data are taken from the St. Louis FRED. Debt data are taken from the ECB Statistical Data
Warehouse and foreign ownership is taken from Bruegel. Yield data correspond to a ten-year maturity
bond and also come from the ECB Statistical Data Warehouse.
For the productivity process, we assume that log-productivity follows an AR(1) with persistence ρz and
innovation volatility σz , as is common in the macro literature. The fiscal shock is assumed to be i.i.d.
and manifests itself in the implied surplus, i.e., s(Bt , B,t ) = k0 + k1 Bt + σB B,t . Finally, the risk-premium
shock is assumed to affect the investors’ outside option, with gross risk-free returns, Rt = (1 + r)eσR R,t ,
that supplant the risk-free return, (1 + r) in the debt pricing condition. Importantly, the inclusion of
these shocks has no bearing on the number of steady states outlined in the previous section nor on their
location. Rather, these shocks affect only local dynamics around each previously determined steady state.
For simplicity, we assume that these shocks only affect the economy in periods of repayment. Following
default, the economy behaves deterministically as in the benchmark.
We estimate the parameter vector, [ρz , σz , σB , σR ], via MLE and use the estimated parameters and
sequence of fundamental shocks to conduct counterfactual analysis with respect to equilibrium beliefs.
We solve the linearized model using the method of described by Sims (2002). Interestingly, the inclusion
of shocks into the model eliminates the indeterminacy associated with both pL and pH , leaving us with
two uniquely determined linearized equilibria with positive default risk. This is not surprising. Frankel
and Pauzner (2000) have shown that the inclusion of shocks eliminates indeterminacy in other macro
applications and I refer the interested reader to their work. We restrict attention to one of these two
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equilibria leading to a risky steady state since the risk-free equilibrium can never locally produce positive
credit spreads, which were a critical feature of the data.
The results of this exercise are found in Figure 7. We find that the pL equilibrium generates a higher likelihood than the pH equilibrium and implies estimated parameters [ρz , σz , σB , σR ] = [0.0, .179, .385, .107].10
The first three sub-figures of Figure 7 feature three series.11 The first is the pL series, which is also the
empirical series matched in the estimation. The other two are the pH and the risk-free series. Given that
these latter series are evaluated at the shocks estimated from the pL model, they can be interpreted as belief counterfactuals. The last sub-figure, which delivers model-implied default, does not have an empirical
analogue in the estimation. It features only two series since the risk-free equilibrium obviously does not
generate any default.
Several interesting findings emerge from this exercise. First, to place things in context, note we can
see the ‘double-dip’ nature of the Italian experience. Output is below the log-linear trend in 2010. It
begins to recover, but does not quite reach the previous trend before turning around once more. The
estimation suggests that had a negative belief shift never occurred, i.e., had Italy remained in the risk-free
equilibrium, this pattern would have survived, but the loss in output would have been smaller along the
whole trajectory by about a quarter of a percentage point.
However, had Italy experienced a shift to pH rather than pL , it would have been much worse. Output
would have plunged precipitously as investment fell in response heightened default expectations. There
would have been a mild recovery afterwards since TFP shocks were relatively beneficial in the mid 2010s
and early 2011s, but it would have turned around again as 2012 drew near.
A similar pattern emerges for debt levels and bond yields.12 The counterfactual risk-free equilibrium
implies only mildly lower debt levels and bond yields than the estimated pL while the counterfactual pH
equilibrium implies much higher debt levels bond yields. The reason for this is clear: Default probabilities
would have been much higher under pH , which would have massive increases in yields and required debt
issuance. Quarterly default probabilities could have been much higher and would have set in immediately,
10 It is worth pointing out that ρ is not technically estimated to be zero, but only very small, i.e., close to iid. It is not actually hitting a
z
constraint at zero. The reason is because the recovery in output in late 2010-early 2011 was so quickly followed by plummeting output in late
2011-early 2012. The estimation imputes this variation to a nearly iid output shock. It is also worth noting that the large estimated volatility in
the debt process is capturing the increasing domesticization of debt that took place over this time period, since the focus here is on foreign debt.
11 Debt figures in Figure 7 are relative to steady state risk-free output.
12 Debt levels are falling primarily because these are foreign debt levels. Overall debt levels were rising, but so too was the domestic share of
debt, and this latter effect dominated during the crisis.
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Figure 7: Italian Debt Crisis: Estimation and Counterfactual

(a) Output

(b) Foreign Debt

(c) Annualized Bond Yields

(d) Default Probability Next Quarter

whereas expectations of default remained at or near 0 in the pL equilibrium for much of the crisis and did
not begin to rise until estimated risk premia13 rose significantly near 2012, making debt service significantly
more expensive and increasing the temptation to default in both equilibria.
In sum, it seems that, conditional on a bad belief shift happening, Italy ‘got lucky.’ The empirical crisis
trajectory, while significantly impacted by negative beliefs, does not differ significantly from the risk-free
trajectory. However, there does exist another equilibrium that would have proven significantly worse for
Italy, and Italy was indeed fortunate not to find itself there.
13 We

can infer that risk premia were rising from observing the risk-free yield series, which moves only in response to risk-premium shocks.
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6

Policy Implications

6.1

Implications for Government Behavior

The model has several implications for government behavior and debt management that we will explore
here.
6.1.1

Maturity Portfolio

The first implication that has already been discussed in some depth regards the maturity of the debt. In
particular, it suggests that, despite the rollover risk, short-maturity debt may offer an additional benefit
relative to long-maturity debt. Namely, that there are typically few steady states on which the economy
can coordinate. Further, the quantitative analysis suggests that the steady state that disappears as the
maturity shortens is the worst of the group, i.e., pH . Thus, the model suggests some caution in the race
to lengthen maturity to avoid rollover risk (see Chatterjee and Eyigungor [2012]).
6.1.2

Fiscal Rules

The first natural question is whether the economy can rid itself of the malignant equilibrium by being
more aggressive with its primary surplus response to indebtedness. In Lorenzoni and Werning (2013), for
instance, this is the case with their unpleasant and nonstationary bad equilibrium. It turns out not to be
the case in this model though.
In the benchmark model we assumed a response of the primary surplus to the debt level that was
roughly halfway between those used in Lorenzoni and Werning (2013) and Bocola (2016). Here, we
consider values ranging from the weaker response of the former (k1 = 0.02) to the stronger response of the
latter (k1 = 1.0). Note that as we change these, we also update k0 such that the average indebtedness in
the risk-free equilibrium remains at its empirical counterpart, just as we did in the benchmark. All other
empirical moments remain matched as in the benchmark as well. Thus, we are recovering, as nearly as
possible, the impact of the differential response of the primary surplus on the steady state set rather than
any auxiliary effects on levels or prices.
The results are found in Figure 8 and are quite interesting. They reveal that multiplicity persists even
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as we drastically increase the responsiveness of the primary surplus to debt levels, however it disappears
as we shrink it to the levels used in Lorenzoni and Werning (2013). The figure reveals that it disappears
somewhere between k1 = .1 and k1 = 0.075.
Figure 8: Comparative Static: Surplus Response

(a) Zoomed In

(b) Full Scale

The figure bears an interesting resemblance to Figure 1, which suggests that reducing the strength of
the surplus response has a similar effect to shrinking the maturity and for a similar reason. To see why,
observe that the sovereign’s budget constraint in steady state under the assumption of a linear fiscal rule
takes the following form:
(λ + κ)B̄ = k0 + (k1 + q̄λ)B̄
For the purpose of the feedback loop between issuance needs and debt service, k1 enters this expression
exactly as λ with the exception that the impact of λ is diminished by the price.
In words, the reason why long-maturity debt generated multiple steady states across p was because
it tamed the runaway spiraling feedback effect from additional debt issuance to additional debt service
and vice versa. Part of this taming, though, hinged on the fact that the sovereign actively respond to
greater debt levels with a greater primary surplus. As we reduce this taming effect, the spiraling feedback
kicks in again at longer and longer maturities, including those in the benchmark. This leaves us with two
steady states just as in the benchmark model with short-term debt: A risk-free one and a risky one that
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corresponds to pL .
One might worry, though, that the taming effect of an aggressive primary surplus response could become
too strong, killing this feedback loop completely and thus the multiplicity. Indeed, an aggressive primary
surplus response kills the multiplicity described in the related work of Lorenzoni and Werning (2013). This
is a point of distinction between our frameworks as it turns out never to be the case here, i.e., there is no
k1 large enough that debt levels fall with prices. As suggested by Figure 8, the multiplicity I outline here
cannot be killed by increasing the strength of the primary surplus response.
To see this, observe the partial derivative derived from the steady state budget constraint.
∂ B̄
λB̄
=
∂ q̄
λ(1 − q̄) + κ − k1
A sufficient condition for this expression to be negative is that k1 > λ + κ. Thus, provided the primary
surplus is even mildly responsive to debt levels, steady state debt levels will grow as steady state prices
fall. So no matter how strong is the response of the primary surplus, the “taming” effect is not so strong
as to reverse course and cause debt and realized default levels to fall.
This is not to say that the primary surplus has no effect on the debt build-up. It is also true that as
k1 → ∞, we get that ∂ B̄/∂ q̄ attenuates to zero. Thus, the larger is the primary surplus response, the
greater is the taming effect and the so the slower is the debt build-up.
Rather, the intuition is the following: The direct effect of a small drop in prices is to issue a little bit
more debt to meet fixed revenue needs. The indirect effect is to finance the associated marginally higher
debt service costs via a combination of a greater primary surplus and additional debt issuance. As k1 gets
large, the first component of the indirect effect dwarfs its second component, but it never overcomes the
direct effect for a finite k1 .
6.1.3

Political Frictions

While the model does not deal directly with political frictions, the literature has often interpreted myopic
behavior as a stand-in for political frictions, e.g., Aguiar and Gopinath (2006) or Aguiar et al. (2016). The
idea is that the government is too impatient relative to the household because they derive more utility
during their term in office than they do outside of it. If we apply this same interpretation to our model,
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we can explore whether such frictions can have any bearing on steady state multiplicity. Figure 9 reveals
that relative impatience works just like additional volatility in the default shock: It eliminates both the
risk-free steady state as well as pL , leaving only the very risky steady state. Similarly, relative patience
works the opposite way: It leaves only the risk-free steady state. This suggests that only economies with
some ‘intermediate’ range of political economy frictions would be subject to such multiplicity.
Figure 9: Discount Factor Comparative Static

6.2

Third-Party Interventions

Given that the fundamental problem in the risky steady states are beliefs, it is natural to wonder whether
whether a large, well-funded third-party agency, such as the IMF or the ECB in the case of the Eurozone
crisis or the US in the case of the Tequila crisis, can coordinate beliefs during a crisis. A detailed discussion
of the interpretation and implementation of such policies can be found in Lorenzoni and Werning (2013)
or Stangebye (2020).
For clarity I will make a simple assumption: A large well-funded third-party agency cannot change where
in the state space the country is, but has the ability to coordinate expectations from one equilibrium to
another. Here, we are assuming that a global path exists that takes us from any point in the states space
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to the desired steady state. This assumption is justified for all cases that can be solved globally, i.e., those
in Appendix C, but stands in contrast to the findings of Lorenzoni and Werning (2013) who find “points
of no return,” which are debt levels beyond which only the good or bad equilibrium exist. A detailed
discussion of which features of the different models give rise to this discrepancy is provided in Appendix D
Under these assumptions, we can now consider different cases. In the benchmark case supposing that,
as we found in Section 5, the economy is coordinating on an equilibrium converging to pL , the third party
can coordinate the economy onto the risk-free steady state. It would always prefer this since private and
public consumption are both higher and default risk with its associated deadweight losses is lower.
The third party’s ability to do so is lost if the volatility is too large, however, as is made clear in Figure
4b. In this case, the economy must be converging to the pH steady state and there is neither a risk-free
steady state nor an alternative Pareto-superior but still risky steady state. The same uniqueness also arises
if the sovereign is excessively impatient or if risk-free borrowing costs are too high.
The third party can also coordinate in the short-term case considered in Figure 4c. If the economy finds
itself in a risky steady state with short-term debt, the third-party could coordinate instead on the risk-free
steady state. Thus, there is not typically an additional role for such policy afforded by debt maturity. In
fact, in the short-term case it is typically the case that either a risk-free and risky steady state both exist
or neither do. Thus, unlike the long-term case, in the short-term case if the economy finds itself in a risky
equilibrium the third party can always coordinate expectations to be more favorable, regardless of the size
of the volatility or other default-relevant parameters.

7

Conclusion

In this paper, I showed that a multiplicity of stable steady states emerge in a model of long-term sovereign
debt issuance with production, endogenous default, and a fiscal rule. Runaway feedback effects in the
sovereign budget set from ever-growing debt levels and default frequencies are tamed at higher maturities,
yielding multiple stationary points. The implied disparate equilibria broadly match many features of the
data during the Eurozone crisis and are robust to a wide variety of parameter specifications.
There remains much room for further research. For instance, I leave it to future researchers to explore
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the stability conditions of the two risky steady states. Both are locally stable in the quantitative region
of interest, but there certainly exist parameters for which they can become unstable. Further, the dimensionality of their stable manifolds can change across parameters, e.g., for some parameters stable local
dynamics are uniquely determined while for others there is indeterminacy.
Also, I did not analyze empirically the indeterminacy that arises in both risky steady states as it disappears when fundamental shocks are added in to accommodate the estimation routine. This indeterminacy
is driven by varying expectations regarding the expected speed of convergence to the steady state. Whether
or not this influences empirical dynamics is an interesting question that I leave to future researchers.
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A

Analytic Results in the Elementary Model

The first assumption we impose will ensure that a steady state equilibrium exists in which no default risk
occurs.
Assumption 1. The fixed tax revenue, τ , is large enough to satisfy

ν τ − k0



k1
1+
κ − k1


> (H + UD )(1 − β)

(12)

This assumption delivers
Proposition 1. Under Assumption 1, a risk-free steady state exists.
Proof. A lengthy algebraic derivation of the condition Ĝ(0) < 0 reveals that it isomorphic to Assumption
1, which implies that G(0) = 0 and so a riskless steady state exists.
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A few things are worth noting. First, Proposition 1 is always possible because, fixing the default value,
there will always be a sufficiently high level of taxes today to induce repayment for a fixed range of the
shock as this level of tax revenue is effectively forfeited upon default.
Second, if Assumption 1 held with equality, a risk-free steady state would also exist but would be a
knife-edge case since Ĝ(0) = 0. It is also the case that if the inequality were reversed then a risk-free
steady state could not exist since G(0) > 0.
Third, Assumption 1 (and thus Proposition 1) does not depend on the maturity, λ. This follows from
our earlier assumption that coupon payments are equal to the interest rate and that they are dispersed
even if the debt matures, which implies that the risk-free price of a bond is always unity regardless of
maturity.
We maintain Assumption 1 throughout to focus on the set of parameters that can generate steady state
default risk “solely” as a result of bad beliefs.
Proposition 2. If Assumption 1 ‘barely’ holds and the marginal utility in the risk-free steady state is
sufficiently steep, then a risky steady state also exists.
Proof. This is fairly straightforward. The ‘barely’ holding condition is that τ is large enough to meet
Assumption 1 but just barely, such that Ĝ(0) < 0 but also arbitrarily close to it. If the marginal utility
at this allocation is sufficiently steep, then G(p) will feature a sharp kink at some p̄ near 0, implying an
intersection with the 45-degree line at some p∗ > 0. If we define this kink to be pu , then it will also be the
case the G(p) = 0 for all p ≤ pu , which will be useful in proving the next proposition. This pu may change
as maturity changes, but under the assumptions, it will always be strictly greater than zero, which is all
that we require.
A straightforward way to ensure this is to jointly adjust τ and the curvature of ν, since neither of these
has any bearing on the RHS of Assumption 1.
Our next assumption is less obviously useful at first, but no less relevant for our analysis:
Assumption 2.
k1 k0
− κ < 1 − k1
τ − k0
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We will see in the next result that Assumption 1 ensures that, in the short-term case, G(p) = 1 at
some point p < 1. The example in the elementary model validates the possibility of Assumptions 1 and 2
holding jointly. With this, we arrive at our principal result.
Proposition 3. Under Assumptions 1 and 2 and the conditions of Proposition 2, there exists a sufficiently
long maturity, λ ∈ (0, 1), such that the number of steady states is generally14 different than the model with
short-term debt.
Proof. We start by demonstrating that G(p̂) = 1 for some p̂ < 1 in the short-term case when λ = 1. Since
G is increasing and continuous and G(pu ) = 0, this will imply that in the short-term case G must generally
cross the 45-degree line an odd number of times. It turns out that Assumption 2 is sufficient to ensure the
existence of such a p̂.
To see why, note that under Assumption 2, when debt is short-term, i.e., λ = 1, then limp→p̂ Ĝ(p) = ∞
for some p̂ < 1. Further, for all p ∈ [p̂, 1], G(p) is undefined. We define p̂ =

k1 k0
τ −k0

+ k1 − κ, which is

always less than one under Assumption 2. This expression is equivalent to a ‘just empty’ budget set under
short-term debt i.e., τ = S(B(p̂)) when λ = 1. Given the Inada condition on ν, this implies that the flow
utility in repayment goes to negative infinity, which pushes Ĝ(p) to infinity. Further, all greater p than
this imply negative consumption in the flow utility and are thus undefined.
Now, we show that changing λ alone is enough to undo this. In particular, we will show that reducing
λ eventually implies that G(1) < 1. Given that Proposition 2 still holds, this implies that G must now
generally cross the 45-degree line an even number of times. A necessary and sufficient condition for
G(1) < 1 is UR (1) > UD + L , which can be written (after some significant algebraic manipulations) as


ν τ − k0 1 +

k1
λ + κ − k1


> (L + UD )(1 − β) −

β
(H − L )
2

(13)

Careful inspection of this reveals that when Assumption 1 is satisfied then this condition can always be
satisfied for a sufficiently small λ → 0: The RHS is smaller than the RHS in Assumption 1, since it
subtracts a positive number from a smaller number, while the LHS approaches the LHS in Assumption 1
from below as λ → 0.
14 By ‘generally’ here, we are excluding knife-edge cases wherein an arbitrarily small perturbation of the parameters changes the number of steady
states.
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The results thus far ensure the general shape of Figure 1 (and all those like it throughout the paper)
looks as it does, i.e., featuring at least two non-zero intersections. We now turn to the intuitive limiting
properties of the risky steady states.
Proposition 4. Suppose that we have two risky steady states for some λ ∈ (0, 1). Under all assumptions
so far, as λ → 1 only pL survives.
Proof. We know that as λ → 1, we must transition to a point where G(p0 ) = 1 for some p0 < p̂ < 1
by Assumption 2. This implies that the intersection defined by p∗2 traverses toward unity at first and
then disappears entirely as G(p) becomes undefined beyond p̂. But Assumption 1 and the conditions of
Proposition 2 continue to hold, so p∗1 survives this transformation as the unique risky steady state.
Proposition 4 asserts analytically the intuitive comparative static depicted in Figure 1 and suggests
that there is no reason to doubt pL as a valid and well-behaved steady state.
Proposition 5. Suppose that we have two risky steady states for some λ ∈ (0, 1). Under all assumptions
so far, as H grows, only pH survives.
Proof. This follows immediately from observing how H affects Assumption 1 and Equation 13. Each LHS
serves as a required lower bound. Increasing H changes neither LHS, but it raises the RHS of Assumption
1 while it lowers the RHS of Equation 13. Thus, it raises G(0) until the risk-free equilibrium disappears
while simultaneously lowering G(1). This ‘twisting’ necessarily leaves one risky steady state remaining,
but by continuity it cannot be the one closest to the risk-free steady state, i.e., p∗1 . Thus, only p∗2 survives
the increased uncertainty.

B
B.1

Solving the Quantitative Model
Analytic Derivations

For simplicity of exposition, rather than consider separately the cases of default and repayment we will
include here At , which will be aggregate productivity, as an additional state in st . In particular, At = 1 if
the sovereign repaid foreign debt obligations at the beginning of the period and At = 1 − φ if it did not.
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Our solution begins by using the competitive nature of the final goods sector to derive that wages are
given by wt (st ) = (1 − α)At Ktα Lt (st )−α and capital rents by Rt (st ) = αAt Ktα−1 Lt (st )1−α . If we impose
market clearing by substituting the former into the household’s intratemporal optimality condition, we
arrive at an expression for the equilibrium labor supply.


(1 − τL )(1 − α)
Lt (st ) =
ψ

χ
 1+αχ

χ

αχ

At1+αχ Kt1+αχ

Plugging this into the production function gives us an expression for equilibrium output.


(1 − τL )(1 − α)
Yt (st ) =
ψ

 χ(1−α)
1+αχ

1+χ

α(1+χ)

At1+αχ Kt 1+αχ

Competitive capital markets give us an expression for the price of capital goods in a similar way:
Qt (st ) =

Φ0

mc
 
It
Kt

Given the benchmark functional form for Φ, It can be expressed in closed-form as can Qt . Notice how it
depends on an endogenous and at this point unknown object, which is the law of motion for capital Kt+1 (st ).
If we substitute both this expression and the return on capital into the foreign lenders’ no-arbitrage
condition, i.e., Equation (7), we get a recursive expression that defines this law of motion implicitly.
Notice that we actually get two recursions: A deterministic one that gives the law of motion for capital in
default (At = 1 − φ) and a stochastic one that gives the law of motion for capital in repayment (At = 1).
B.2

Constructing Steady States

The equilibrium objects do not generally admit closed-form solutions with the exception of the risk-free
steady state and the steady state following default. Thus, I begin by computing both of those sets of
objects.
Then to solve the more general case, I impose stationarity by removing time subscripts. I also set
bounds on capital from 50% to 150% of the risk-free steady state capital level. After this, we can solve it
as follows:
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0
1. Solve for the capital law of motion in default, KD
(K). This is implicitly defined by Equation
0
(7), which is deterministic in the case of default. I found that iterative techniques to compute KD
(K)

typically fail to converge, so instead I approximate it with a sequence of N + 1 Chebyshev polynomials
using Chebyshev collocation. I determined the order of the approximating polynomial sequence by
using the Chebyshev Truncation Theorem (see Fernandez-Villaverde et al. [2016]) to ensure that the
magnitude of errors across the state space is on the order of 1e − 7 at most. In the benchmark case,
this implies N = 9.
0
2. Solve for the value of default, Ud (K). Once we know KD
(K), Equation (11) becomes a contrac-

tionary Bellman. This is solved with a simple value function iteration, which I solve by uniformly
discretizing a capital grid over the aforementioned bounds with 100 different gridpoints. I interpolate
linearly when necessary and set the tolerance for errors to 1e − 6.
3. Begin construction of G(p). This is done first be computing steady state capital levels as a
0
function of i.i.d. expected default, K̄(p). By plugging KD
(K) into Equation (7) and assuming a

constant default risk, p, we get an implicit definition of K̄(p). Since iterative methods again fail us,
I approximate this function using a 10-th degree sequence of Chebyshev polynomials using the same
error restrictions as in Step 1.
4. Complete construction of G(p). To do this, we will require all other model objects as functions
of p. We can easily get q̄(p) from the lenders’ no-arbitrage pricing condition, and once this is known
the sovereign’s budget constraint gives us B̄(p). All that is left is the value of repayment ŪR (p).
To compute this, we plug in all objects derived thus far into Equation (10) and find that it is quadratic


in ŪR (p). Upon solving it, only one of the two solutions implies that ŪR (p) ∈ Ud (K̄(p)) + L , Ud (K̄(p)) + L ,
so that is the solution we use for ŪR (p). If no solution lies in these bounds, then Ur (p), which assumes
payment today, is either given by
(a) The risk-free case: ŪR (p) = F U (p)/(1 − β)
0
(b) The always-default-in-the-future case: ŪR (p) = F U (p) + βUD (KD
(K̄(p)))

where F U (p) is the sovereign’s flow-utility, which can be computed given all equilibrium objects
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computed this far. Once ŪR (p) is known, the fixed point function becomes easy.

G(p) = 1 − F ŪR (p) − UD (K̄(p))
It is clear to see that if p∗ = G(p∗ ) then we have a valid equilibrium in steady state.
B.3

Solving for Local Markov Equilibria

To derive local dynamics, we linearize the model conditions around the desired steady state. In particular,
h
i
we linearize the dynamics of six model variables: ŷt = k̂t+1 , k̂t , pt − p̄, q̂t , b̂t , Ûr,t , where x̂t denotes the
percent deviation of a variable from its steady state. Note that pt is the probability of default in the next
period, as it is in the body of the paper. Importantly, we do not perturb the default-risk shock itself.These
variables are linearized in six model conditions:
1. The lenders’ no-arbitrage condition for capital
2. The lenders’ no-arbitrage condition for debt
3. The sovereign’s budget constraint
4. The sovereign’s Bellman equation
5. pt = 1.0 − F (UR,t+1 − UD,t+1 )
6. kt = kt (tautology)
The linearized system describes behavior conditional on repayment and is deterministic. The only uncertainty is the default preference shock, which here just determines whether or not the game ends since
default is an absorbing state.
The linearized system can be expressed as A(p̄)ŷt = B(p̄)ŷt−1 , where A and B are 6 × 6 matrices of
coefficients that vary depending on the steady state around which we are linearizing. Stability is governed
by the number of eigenvalues of [A−1 (p̄)B(p̄)] with absolute value less than unity that imply real dynamics.
Since there are two state variables, bt and kt , local stability requires at least two such eigenvalues.
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In the benchmark, we find that the risk-free steady state implies a 2D real-valued stable manifold.15
However, both risky steady states feature a three-dimensional real stable manifold, implying that, for each
steady state, there are many local Markov equilibria.
Higher-order approximations do not change the stability properties of the equilibria, which are inherited
from their first-order cousins. Though it is certainly feasible to do so, we do not here compute the higherorder approximations since the global equilibria derived in Appendix C suggest strong linearity in the laws
of motion for the key state variables.
It is also worth noting that in the crisis analysis of Section 5, we must include three additional states,
which correspond to expectations of capital, bond prices, and future repayment values. Following Sims
(2002), each of these is subject is subject to an expectations shock of the form Et−1 [x̂t ] = x̂t + νt for an any
one of these variables, x̂t , where νt is an expectations shock. In this section we also add the unnecessary
states describing output and bond yields to simplify the estimation procedure.
In this augmented model, the inclusion of shocks eliminates the indeterminacy associated with both
risky steady states, implying unique local Markov equilibria for both of them.

C

Global Equilibria

All of the analysis in Sections 4 and 5 revolved around steady states and the local dynamics surrounding
them. Here, we solve the same benchmark model globally to see which sorts of equilibria arise. We solve
the model using a stylized iterative method similar to those employed by Chatterjee and Eyigungor (2012)
or Aguiar et al. (2016), in which conjectures for the value and pricing functions are jointly updated using
the equilibrium conditions.
The non-trivial component of this solution solving for equilibrium investment, which is done by solving
the non-linear equation implied by Recursion 7 in each iteration. To tease apart distinct global equilibria,
I follow the approach laid out in Stangebye (2020), in which the value functions are not smoothed across
iterations but the pricing functions are heavily smoothed.
Following this procedure and using as initial guesses (1) the risk-free price everywhere and (2) a price
15 Technically, the risk-free steady state features three eigenvalues less than unity, but two of them constitute a pair of complex conjugates. Only
paths generated by this conjugate pair will be real, as all linear combinations of the real component with one or both of the complex conjugates
will imply complex values for equilibrium objects. Hence, the real stable manifold is only two-dimensional.

44

that is 98% of the pH steady state price everywhere, I can uncover two distinct equilibria globally:16 One
is a risk-free equilibrium with no default, which behaves just as a typical neoclassical growth model with
a fiscal rule and capital adjustment frictions, and another that converges to pH . Note that the steady
state analysis suggests there could be many other equilibria: One converging to an entirely different steady
state, pL , as well as possibly many others that converge to pH at different rates. But either these equilibria
do not exist globally or the algorithm proposed here is insufficient to uncover them. The latter is far more
likely as the other local equilibria do not imply pathological dynamics, such as complex roots, that would
pose a challenge to global non-existence.
The policy functions associated with these equilibria can be found in Figure 10. The debt policy in
Figure 10a assumes capital to be at its risk-free steady state and the investment policy in Figure 10b makes
the same assumption on debt levels.
The policy functions are well-behaved globally, though they exhibit different dynamics across different
equilibria. In the risk-free equilibrium, the sovereign levers up slowly to the steady state from low initial
debt levels. In the risky equilibrium, he levers up immediately and then gradually delevers to the highdebt steady state. The reason for this is that the sovereign must approach the high-debt steady state from
above, since the implied primary surplus is quite large at the high debt levels associated with pH . The debt
levels and associated surpluses are much lower for the risk-free equilibrium, so the sovereign can gradually
lever up to this steady state from below.
The investment policy in each case is increasing but concave and so intersects at a unique steady state,
which is higher in the better equilibrium. The only other thing worth noting is that there is a break,
though not a discontinuity, in the investment policy function for capital levels in the neighborhood of
0.7. This occurs because in this equilibrium more capital induces repayment, not default. Thus, default
becomes closer to certain in this low-capital region, which induces less investment. As default becomes
certain, though, the policy is just given by the investment policy in default, which is also increasing and
concave and so resembles the other investment policies just shifted downward.
The only other thing worth noting is that in a large region around the steady states both policy functions
are strikingly linear, suggesting that the linear approximations employed in the benchmark model are likely
16 After

trying many other initial guesses, I find that these are the only two equilibria to which this class of iterative methods seems to converge.
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Figure 10: Sample Global Equilibria

(a) Debt Policy

(b) Investment Policy

accurate.
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D

Relationship to Lorenzoni and Werning (2013)

The use of fiscal rules and long-maturity debt to generate equilibrium multiplicity is also employed by
Lorenzoni and Werning (2013), hereafter referred to as LW. As such, some discussion of the key differences
across these works is warranted.
D.1

Discussion

LW (2013, 2014, 2019) present a myriad of similar models across several versions of their paper. While
my model differs from all of them, to make the comparison clear I will focus on the model they present
that bears the most resemblance to this, which can be found in Section 4.1 of their (2014) version. This
model is a continuous-time, infinite-horizon model with long-term debt and a fiscal rule. The fiscal rule
places a cap on the primary surplus, s̄, which is binding in practice. The sovereign faces uncertainty in the
form a Poisson shock that (1) assigns the sovereign a realized value from a stochastic net-present value of
the primary surplus stream from that point on and (2) presents him the opportunity to default. Default
occurs if the current debt level at the time this shock arrives is greater than the realized net present value
of the primary surplus stream.
In this model they find, as I do here, that two steady states emerge. However, in their framework only
one is ever stable. In fact, they prove that if one is stable then the other is unstable. The equilibrium
multiplicity they discuss therefore does not arise from steady state multiplicity. Rather, their good equilibrium converges to a steady state while their bad equilibrium is non-stationary. In the bad equilibrium,
debt levels grow to infinity and default probabilities conditional on the shock quickly reach unity.
The idea is that expectations of this sort of behavior in the far future depress long-term debt prices
today. These depressed prices require the sovereign to borrow more, which sets him on the anticipated,
ever-growing-debt trajectory. Eventually, he reaches a point where the cap on the primary surplus, s̄, kicks
in. At this point, the sovereign’s fiscal response cannot offset the malignant dynamics of growing debt and
low prices and debt levels ratchet off to infinity.
This sort of equilibrium cannot arise in my model. There are a couple of reasons for this. First, in
their model the arrival rate of the default shock is independent of the debt stock. This implies that while
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greater indebtedness increases the likelihood of default, it does not hasten its arrival rate. That is not true
in my benchmark model, where the sovereign is given the opportunity to default in every period. In my
framework, greater indebtedness both increases the likelihood of default as well as its arrival rate. The
pricing implications across of these two frameworks are not the same and contribute to the fact that their
model features only one stable steady state while mine features two.
Second, their results hinge on the presence of recovery, which they have but I do not.17 It implies that
even when default is certain to arise the price does not go to zero. Thus, additional debt can be issued
and the ever-growing debt dynamics can continue. In my model without recovery, this can never happen.
If default was certain in the next period, then no new issuance could take place and default would just
happen today. Thus, the economy can never be on a non-stationary trajectory toward certain default.
This points to the fundamentally different sources of multiplicity. LW equilibria are driven by long-run
expectations manifesting themselves today in current prices. My equilibria arise as a result of the taming of
a feedback effect implicit in the sovereign’s current budget set (as realized in steady state) that translates
rising expected default probabilities to ever-growing debt levels. Long-run expectations are thus not pivotal
in the construction of my equilibria as they are in LW.18
D.2

Augmented Model

While this establishes that the multiplicity of stable steady states in the benchmark model is fundamentally
different than the LW equilibria, we can go a step further. I show here that if we introduce recovery into
the benchmark model, then indeed such non-stationary equilibria can arise in my framework as well. To
show this, I assume that lenders recover 37.7% of their face value claims upon default, which is the average
recovery rate in the data assembled by Benjamin and Wright (2008). I assume that, following default, the
sovereign pays lenders a fixed amount in every period forever. This prevents the sovereign from having to
make a potentially large fixed payment that might induce negative consumption, given his lack of access
to credit markets in default. The net present value of this stream of payments is set to equal the recovery
17 LW debt prices are also bounded away from zero because even infinitely high debt levels do not imply immediate default. Rather, the sovereign
must wait for a Poisson default opportunity to present itself. In principle, their equilibria could arise with either of these assumptions, though they
have both.
18 Limited commitment, however, is an important ingredient in my equilibria as it is in the LW framework. This is because if the sovereign could
commit to all future actions, he could presumably set all future policy functions to be in accordance with the risk-free equilibrium and thus rule
out any risky equilibrium.
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rate times the face value at the time of default. Note this implies that the value of default now depends
on the level of debt as well.
All other parameters remain as in the benchmark. Note that the presence of recovery does not affect
the risk-free equilibrium, which we know exists already. The LW equilibria can be solved for using simple
backward induction from the ‘last’ period, in which default is certain. In each iteration backward and at
each point in the state space, I ensure that we are finding the static equilibrium that corresponds to the
lowest possible default probability in that period, since contemporaneous Laffer curve multiplicity may
arise here and we wish to rule that out, as LW do.
Thus, we now have, just as they do, two equilibria: One with steady state dynamics and another Paretoinferior, non-stationary one that ratchets off to certain default over time. Note that, given our assumption
on default being afforded to the sovereign in each period and not just once with a Poisson shock, the
equilibria can be ranked according to their time to imminent default: There is a Markov equilibrium in
which imminent default takes place in 1 period, another in which it takes place in 2 periods, and so on.
Notice that the value in the Markov equilibrium in which default is imminent in t periods serves as the
continuation value for the Markov equilibrium in which default is imminent in t + 1 periods.
The non-stationarity renders the policy functions distinct across time and thus tricky to analyze, but
the trajectory of these equilibria can easily be traced out. Figure 11 gives an example of one in which
default is imminent in 10 quarters. Notice that default probabilities start out high in such an equilibrium
at near 48% (quarterly) for most of the trajectory before spiking all to the way to unity in the period
before the imminent default. Investment rapidly falls as we approach the imminent default, accelerating
in the last period with the default probability.
Debt levels exhibit interesting dynamics. Similarly to the global equilibrium we computed that converged to pH , we find that debt levels overshoot, only to be rectified by a responsive primary surplus.
Following this, debt levels slowly crawl higher, as they do in LW. However, by two periods before imminent default, debt levels have grown so large that the corrective primary surplus kicks in again and knocks
down debt levels mildly just before the imminent default.
Interestingly, some of the policy implications of LW translate through to this environment as well.
In particular, they find that there are debt thresholds above which the good equilibrium does not exist
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Figure 11: LW Equilibria in the Benchmark Model with Recovery
(a) Trajectory: Default Probability Next Period

(b) Trajectory: Capital
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(c) Trajectory: Debt
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and below which the bad equilibrium does not exist. I find in this augmented model there is a lower
bound below which the bad equilibrium ceases to exist. In other words, unless the economy is sufficiently
indebted, a Markov equilibrium taking it to imminent default does not exist. Unlike LW, this threshold is
not time-invariant but shrinks as we consider imminent default further away. These shrinking thresholds
can be seen in Figure 12 when capital is fixed at its risk-free steady state value.
The reasoning for this bound is the same across the two models and is due to recovery. Recovery puts a
lower bound on debt prices. This prevents the spectacular levels borrowing that would be required to move
the economy from a low level of initial debt into a region where it could experience a crisis of imminent
default. Thus, the economy must be sufficiently indebted to be in this sort of danger.19
19 Recall there is no such bound on the risky steady state in my benchmark model. There we have no recovery and so if debt levels need to adjust
dramatically via low prices they can.
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Figure 12: LW Non-Stationary Equilibrium Lower Bounds
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I do not, however, find an upper bound above which the risk-free equilibrium becomes infeasible, barring
the obvious threshold beyond which the sovereign would not repay even while facing risk-free prices. Thus,
in contrast to their results, my non-stationary equilibria suggest that there is no ‘point of no return,’ i.e.,
a debt level so high that expectations cannot be coordinated again to the risk-free equilibrium.
This discrepancy is due to the cap on the primary surplus imposed by LW. At high debt levels, i.e.,
those above the risk-free steady state, the risk-free equilibrium dictates considerable deleverageing (see
Figure 10a). In my model, this deleverageing can all be done a single period since the primary surplus can
grow arbitrarily large. In their model, it necessarily must happen more slowly on account of the surplus
cap. This slow trajectory can imply enough default in the interim such as to rule out the good equilibrium
entirely.
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